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PREFACE 

The revision of the " Trigonometry for Beginners " differs 
from that of the original work, chiefly in the following par- 
ticulars : 

The subject matter of Chapter VII. formerly followed that 
of Chapters YIII. and IX.; the addition formulas are proved 
for angles of any magnitude, and for more than two angles ; a 
chapter on Inverse Trigonometric Functions and two chapters 
on Spherical Trigonometry have been added; logarithmic and 
trigonometric tables have been inserted. The rearrangement 
has necessitated minor changes in almost every chapter. 
Throughout the book, the question of ambiguity of solution 
has received careful attention. It is believed that the clear, 
simple presentation which characterized the original work has 
been retained. 

It has been the endeavor to make definitions that need not 
be unlearned later; to give proofs, rigorous for the general 
plane angle ; to present as much material as the student will 
master in a first course ; and to present such material as will 
serve him best in his later studies. The proofs of many proposi- 
tions are left as exercises for the student. These are formulated, 
and placed in the body of the text. 

The lists of examples in the plane trigonometry are, for the 
most part, those of the original work. Some of the exercises 
in spherical trigonometry are selected from other texts. 

Those desiring a shorter course may omit the chapters and 
the articles marked with an asterisk. 

I acknowledge my indebtedness to Dr. Frank L. Sevenoak, 
who kindly permitted the use of his tables, and to friends who 
aided me by suggestions. 

JOHN A. MILLER. 

June, 1896. 
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CHAPTER I 
DEFINITIONS 

1. The primary object of Trigonometry was, as its name implies, 
to measure (or solve) triangles ; i.e. having given the measure of cer- 
tain parts of a triangle, e.g. two sides and its included angle, to 
compute the remaining parts. In a broader and now universally 
accepted sense, Trigonometry embraces, in addition to the solution 
of triangles, all investigations of the relations existing among certain 
ratios intimately associated with an angle. These ratios are defined 
in Art. 26. 

This branch of the subject is sometimes called Angular Analysis. 

2. The figures with which we shall be concerned in our study of 
Trigonometry are, with the exception of the line and the angle, the 
same as those of Geometry ; t.e. they are subject to the same limi- 
tations and possess the same properties as those of Geometry. For 
example, the sum of the interior angles of a triangle equals two 
right angles in Trigonometry as well as in Geometry. 

3. The line of Trigonometry differs from the line of Geometry, 
in that, in Trigonometry, it is sometimes of advantage to distinguish 
between lines drawn in apposite directions. [See Art. 47.] For the 
present, however, we shall not make this distinction. 

4. By the angle XOP (Fig. 1, Fig. 2, Fig. 3), in Trigonometry, is 
not meant the present indincaion of the lines OX and OF as in 
Geometry, but the amount of turning which OP has done about the 
point 0, in coming from its inUicU position OX, to its JincU posi- 
tion OR 

B 1 
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Illubtbatiok. Suppose a race to be ran around a circnlar course. The 
position of any one of the competitors would be known, if we know that he has 
described a certain angle about the centre of the course. Thus, if the distance 
to be run is three times around, the line joining each competitor to the centre 
would have to describe an angle of 12 right angles. 

When we say that a competitor has described an angle of 6f right angles, 
we give not only his present position, but the total distance he has gone. He 
would, in such a case, have gone a little more than one and a half times around 
the course. 




Fio. 1. 
— X 




Pig. 2. 

It is evident from this definition that a trigonometrical angle 
may have any magnitude however great. It is well to notice that 
angle XOP is the amount of turning that has been done. In other 
words, it is the resvlt of tiie turning, not the process. 

& The geometrical representation of a trigonometric angle 
depends only on the initial and final positions of the line OP. 
Hence the figure XOP (Fig. 1, Art. 4) may be the geometrical 
representative of an unlimited number of trigonometrical angles. 

(i.) The angle XOP may represent the angle less than two right 
angles, as in Geometry. 

In this case, OP has turned from the position OX into the posi- 
tion OP by turning about in the direction contrary to that of the 
hands of a watch. 

(ii.) The angle XOP may represent the angle described by OP 
in turning from the position OX into the position OP in the same 
direction as that of the hands of a watch. 
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In the first case it is usual to say that the angle XOP is a positive 
angle; in the second case it is a negative angle. 

(iii.) The angle XOP may be the geometrical representation of 
any of the trigonometrical angles formed by any number of complete 
revolutions in the positive or in the negcUive direction, added to either 
of the first two angles mentioned in (i.) and (ii.). 

We may express (iii.) thus : XOP is the geometrical representa- 
tive of XOP +4:71 right angles, where n is any integer. 

6. Definitions. is called the origin. The line OX is the 
initial line. The line OP is the revolying line or radius yector. 
When referring to the angle XOP the lines OX and OP are called 
the sides of the angle, and is called its vertex. 

7. To add angle XOP to angle XOP, both being positive, 
revolve OP from its final position when it represents angle XOP, 




Fxa. 4. 



through an angle equal to angle XOP; call this position OPf. 
Then, ^ xOPi = Z XOP + Z XOP. 



EZAMPLBS. I. 

Give a geometrical representation of each of the following angles, the initial 
line being drawn in each case from the origin towards the right : 

1. + 3 right angles. 8. + 4 right angles. 



s. 


+ 6 right angles. 


9. 


— 4 right angles. 


8. 


+ 4J right angles. 


10. 


4 n right angles. 


4. 


-f 7J right angles. 


11. 


(4n + 2) right angles. 


6. 


— 1 right angle. 


18. 


-(4n + }) right angles. 


8. 


10} right angles. 


18. 


1} right angles + 2} right angles. 


7. 


— 10} right angles. 


14. 


3} right angles - } right angle. 
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8. Certain propositions which the student has proyed while 
studying plane Geometry will be referred to very frequently, and 
quoted without proof. 

The principal ones are : 

a. The Pythagorean theorem. 

b. Conditions under which two triangles are similar. 

c. Homologous sides of similar triangles are proportional, and 
homologous angles are equal. 

d. I. The ratio ci^^fe^nce of a circle ^ a certain fixed number. 

diameter of a circle 
II. It is an incommensurable number. 
III. It is 3.14169266+ .... 

9. When we say that this number is incommensurable, we mean 
that its exact value cannot be stated as an arithmstical fraction. 

It also happens that we have no short algebraical expression such 
as a surd, or combination of surds, which represents it exactly, so 
that we have no numerical expression whatever, arithmetical nor 
algebraical, to represent exactly the ratio of the circumference of a 
circle to its diameter. 

Hence the universal custom has arisen, of denoting its eooact value 
by the letter tt. 

Thus w stands always for the exact value of a certain incommen- 
surable number, whose approximate value is 3.14169266, and which 
is the ratio of the circumference of any circle to its diameter. 

It cannot be too carefully impressed on the student's memory 
that w stands for this number 3.14169266 •••, etc., and for nothing 
else; just as 180 stands for the number one hundred and eighty, and 
for nothing else. 

We may notice that ^ = 3.142867. 

So that ^ and v differ by less than a thousandth part of their 
value. 



CHAPTER II 
MEASUREMENT OF ANGLES 

10. It is usual to say that we haye measured auy concrete 
quantity^ when we have found how many times it contains some 
familiar quantity of the same kind. 

We say, for example, that we have measured a line, when we have found 
l^ow many feet it contains. We say that we have measured a field, when we 
have found out fum many acres or how many square yards it contains. 

To know the measurement of any quantity, then, we must have 
two things. First, we must have a unit, or standard of reference, of 
the same kind as the thing measured. Secondly, we must have the 
meamre, or the number of times the thing measured contains the 
unit, or standard quantity. 

Hence, the measure of a quantity is the number, and the unit is 
the concrete quantity, by means of which it is measured. 

ExAxPLB 1. A line contains 261 feet ; that is, 261 times a foot Here the 
meaiure or number is 261, and the unit a foot. 

BXAMPIiBS. n. 

1. What is the measure of 1 mile when a chain of 66 feet is the unit ? 

2. What is the measure of an acre when a square whose side is 22 yards 
is the unit ? 

8. The length of an Atlantic cable is 2300 miles and the length of the cable 
from England to France is 21 miles. Express the length of the flist in terms 
of the second as a unit 

4. The measure of a certain field is 22 and the unit 1100 square yards : 
express the area of the field in acres. 

6. Find the measure of a miles when b yards is the unit 

6. The measure of a certain distance is a when the unit is e feet Express 
the distance in yards. 

11. Measurement of angles. There are two common methods of 
measuring angles. 

(i.) The rectangular measure, 
(ii.) The circular measure. 
6 
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Regtakoulab Measube 

12. Angles are always measured in practice with the right angle 
(or part of the right angle) as unit. 

The reasons why the right angle is chosen for a unit are : 

(i.) All right angles are equal to one another, 
(ii.) A right angle is practically easy to draw, 
(iii.) It is an angle whose size is very familiar. 

13. The right angle is divided into 90 equal parts, each of which 
is called a degree ; each degree is subdivided into 60 equal parts^ 
each of which is called a minute; and each minute is again sub- 
divided into 60 equal parts, each of which is called a second. 

Instruments used for measuring angles are subdivided accord- 
ingly ; and the size of an angle is known when, with such an instru- 
ment, it has been observed that the angle contains a certain number 
of degrees, and a certain number of minutes beyond the number 
of complete degrees, and a certaLu number of seconds beyond the 
number of complete minutes. 

Thus an angle might be recorded as containing 79 degrees -|- 18 
minutes -|- 36.4 seconds. 

Degrees, minutes, and seconds are indicated respectively by the 
symbols **, ', '', and the above angle would be written 79° 18' 36.4". 

14. An angle given in degrees, minutes, and seconds may be 
expressed as the decimal of a right angle by the usual method. 

EzAMFLB. Express 39° 4' 27" as the decimal of a right angle. 



60 
60 
90 



27 seconds 



4.45 minutes 



39.7416666 etc. degrees 



.441674074 etc. right angles 

.441574074 of a right angle, Ans. 

NoTB. The French proposed to call the 100th part of a right angle a grade 
(written 3s), the 100th part of a grade a minute (written 3^), the 100th part of a 
minute a second (written 8^^). So that 1.437275 right angles would be read 
143k 72^ 75^^. The decimal method of subdividing the right angles has never 
been used. 

OiBCULAB Measure 

15. Definition. A radian is an angle at the centre of a circle, 
subtended by an arc equal in length to the radius of the circle. 
Thus if in the circle EPS, whose centre is 0, arc EP = radius OE, 
then, angle EOP is a radian. 
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16. We shall now prove that the radian is 
a constant angle; or stating the same thing 
differently, we are about to prove that if we 
take any number of different circles, and 
measure on the circumference of each an arc 
equal in length to its radius, then the angles 
at the centres of these circles which stand on 
these arcs respectively, will be all of the 
same size. 




Fio. 6. 



17. To prove thoA all radians are equal to one another. 

Since the radian at the centre of a circle stands on an arc equal 
in length to the radius, 

and an angle of two right angles at the centre of a circle stands 
on half the circumference, 

and since angles at the centre of a circle are to one another as the 
arcs on which they stand (Geom.), 

.1^ a radian radius 

2 right angles semi-circumference 
_ diameter _ 1 
circumference v 

Therefore a radian = - of 2 right angles, ^ 

= a certain fixed fraction of 180**. (Art. 8.) 

Thus the radian possesses the qualification most essential in a 
unit ; viz. it is always the same. 

18. The reasons why a radian is used as a unit are : 
(i.) All radians are equal to one another. 

(ii.) Its use simplifies many formulae in Theoretical Trigonom- 
etry. 

19. Since 1 radian = ^I^, (Art. 17.) 

.-. 1 radian = 57.2957^ 

20. Since 1 radian = ^^^, 

TT 

.-. TT radians = 2 rt. 2^ = 180**, 
|radianB = lrt.Z= 90', 



and so on. 



^ radians = 3 rt. ^i = 270% 
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ZL A ''c" is Tised to indicate radians^ just as ^'^" is used to 
indicate degrees. Thus 0" is read ^'$ radians/' just as A"" is read 
^'A degrees/' When the measure of an angle is expressed as some 

mvUiple of w, e,g. ^, the unit being the radian^ common usage has 

sanctioned the omission of the ^'c'' after the measure; thus, -• is 

usually written ^. This practice sometimes confuses the beginner. 

Yet, with a little care no confusion need arise. We need only re- 
member that 9r is a mere number (Art. 8) ; that in the expression 
^'the angle «-'' or kindred expressions some unit imist be implied, and 
that by common agreement this unit is the radian, so that v is 
often used for 180% meaning, then, tt radians (Art. 20). This does 
not exclude the angle v^; but if a degree is the unit, it is so 
expressed. 

Another agreement sometimes made, is that the Greek letters 
a, p, etc., are used to express the measure of angles when the radian 
is the unit of measure; while, the Roman letters A^ B, C, etc., are 
used when the unit of measure is the degree. The distinction, how- 
ever, is not universally observed. 

22. To find the number of degrees in an angle containing a given 
number of radiana. 

Let D ss number of degrees in the angle. 

Let a as number of radians in the angle. 

le«^l§2y. (Art 17.) 

... ..i^^: 

... £L2Li§2=2>, the nwrnfter of degrees (1) 

which was to be found. 

We may in a similar manner ^nd the number of radians in an angle 
containing a given number of degrees. Or, simply solving (1) for a, 

we have a ss ^^^5, the number of radians in an angle containing D 
180 

degrees. 

The problem may be thus solved: ^7:^-,. = —^ ^oi each fraction is 
^ ^ 180^ w'^ 

the ratio of the same angle to two right angles. 
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EXUIPI.B. Find number of degrees in two radians. We hate 

180 IT* 



- ^ — • • • JU ^ I '• 



23. EXAMPLES, in. 

I. Express each of the following angles as the decimal of a right angle : 

1. 8° 16' 27". 8. 97^ 5' 15". 6. 182*»6'. 

2. 6^ 4' 80". 4. 16* 14' 19". 6. 49°. 

Express in degrees, minutes, and seconds : 

7. .01376 right angles. 10. .240026 ri^t angles. 

8. .0876 right angles. 11. .180116 right angles. 

9. 1.704636 right angles. 12. .36 right angles. 

n. Express the foUowing angles in rectangular measure : 

1. IT. 4. 3«. 7. 9, 

2. ^* 6. 3.14169266S etc. 8. .00814169«, etc. 

4 

8. K 6. ^ 9. 10 IT. 

IT 

IIL Express the following angles in circular measure : 

1. 180*. 4. 22i*. 7. n*. 

2. 360*. 5. 1*. 8. — • 

IT 

8. 60*. 6. 67.296*, etc. 9. A. 

IV. Give a geometrical representation of the foUowing trigonometrical 
angles. Draw the initial line from 0, horizontally, to the right 

1. -. 2. 8ir. 8. 6«-. 

2 

4. (2n + l)ir. 6. (2n + i)ir. 

V. Find the ratio of 

1. 46* to ^ 2. 1* to 1«. 8. 1.75« to i52!. 



24. Since angles at the centre of a circle are to one another as 
the arcs on which they stand (G^om.), therefore (see Fig. 6) 

an angle iZQP _ arc JgP _ arc iZP 
one radian " arc R8 "~ the radius' 

Hence the angle ROP^ ^ ^^ radians. 

the radius 

So that the circnlar measure of an angle (at the centre of a circle) 

is the ratio of its arc to the radios. 
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Example. Find the number of degrees in the angle subtended by an arc 
46 ft. 9 in. long, at the centre of a circle whose radius is 26 feet 

The angle stands on an arc of 46| feet, and the radian, at the centre of the 
same circle, stands on an arc of 26 feet. 

^, , 461 Ai 187 2 right angles 

^ 187 ^ 180^ ^ 106.8^ nearly. 

100 IT 



25. EXAMPLES. IV. 

(Lff THB ANSWKBS V IB U8SD lOB W.) 

1. Find the number of radians in an angle at the centre of a circle of 
radius 26 feet, which stands on an arc of 87^ feet. 

2. Find the number of degrees in an angle at the centre of a circle of 
radius 10 feet, which stands on an arc of 6 ir feet. 

8. Find the number of right angles in the angle at the centre of a circle 
of radius 8^ inches, which stands on an arc of 2 feet. 

4. Find the length of the arc subtending an angle of 4^ radians at the 
centre of a circle whose radius is 26 feet. 

5. Find the length of an arc of 80 degrees on a circle of 4 feet radius. 

6. The angle subtended by the diameter of the sun at the eye of an 
observer is 32' ; find approximately the diameter of the sun if its distance from 
the observer be 90,000,000 miles. 

7. A railway train is travelling on a curve of half a mile radius at the rate 
of 20 miles an hour ; through what angle has it turned in 10 seconds ? 

8. A railway train is travelling on a curve of two-thirds of a mile radius, 
at the rate of 60 miles an hour ; through what angle has it turned in a quarter 
of a minute ? 

9. Find approximately the number of seconds contained in the angle 
which subtends an arc one mile in length at the centre of a circle whose radius 
is 4000 miles. 

10. If the radius of a circle be 4000 miles, find the length of an arc which 
subtends an angle of 1" at the centre of the circle. 
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11. If in a circle whose radius is 12 ft 6 in. an arc whose length is .^646 of 
a foot subtends an angle of 3 degrees, what is the ratio of the diameter of a 
circle to its circumference ? 

18. If an arc 1.309 feet long subtend an angle of 7} degrees at the centre 
of a circle whose radius is 10 feet, find the ratio of the circumference of a circle 
to its diameter. 

18. On a circle 80 feet in radius it was found that an angle of 22° 30' at the 
centre was subtended by an arc 81 ft. 5 in. in length • hence calculate to four 
decimal places the numerical value of the ratio of the circumference of a circle 
to its diameter. 

14. If the diameter of the moon subtend an angle of 30', at the eye of an 
observer, and the diameter of the sun an angle of 32', and if the distance of 
the sun be 375 times the distance of the moon, find the ratio of the diameter of 
the sun to that of the moon. 

16. Find the number of radians (i,e. the circular measure of) in 10" cor- 
rect to 3 significant figures. (Use m for ir.) 

16. Find the radius of a globe such that the distance measured upon its 
surface between two places in the same meridian, whose latitudes differ by 
1° 10', may be one inch. 

17. By construction prove that the unit of circular measure is less than 
60°. 

18. On the 31st December the sun subtends an angle of 32' 36", and on 
1st July an angle of 31' 32" ; find the ratio of the distances of the sun from 
the observer on those two days. 

19. Show that the measure of the angle at the centre of a circle of radius r, 

which stands on an arc a, is ^-^, where k depends solely on the unit of angle 
employed. *" 

Find k when the unit is (i.) a radian, (iL) a degree. 

90. The difference of two angles is ^ ir, and their sum 60° ; find them. 

91. Find the number of radians in an angle of n'. 
99. Express in right angles and in radians the angles 

(i.) of a regular hexagon, 
(ii.) of a regular octagon, 
(iii.) of a regular quindecagon. 
98. Taking for unit the angle between the side of a regular quindecagon 
and the next side produced, find the measures (i.) of a right angle, (ii.) of a 
radian. 

94. Find the unit when the sum of the measures of a degree and of the 
hundredth part of a right angle is 1. 

26. What is the unit when the sum of the measures of a right angles and 
of b degrees is c ? 

96. The three angles of a triangle have the same measure when the units 
are ^ of a right angle, ^ of a right angle, and a radian respectively ; find the 
measure. 

97. The interior angles of an irregular polygon are in a-p. ; the least angle 
is 120° ; the common difference is 5° ; find the number of sides. 



CHAPTER III 
THE TBIGONOMETBICAL RATIOS 
P 




O 
Fio.7. 



M 






Fio.9. 



Fio. 10. 



26. Given any angle, XOP, as in the figures. From P, any point 
in OPf the revolving line, a perpendicular PM is let fall on the 
initial line OX, as in Figs. 6 and 9, or on the initial line pro-, 
duced, as in Figs. 7 and 8. Six ratios may now be written, viz., 



27. I. 



MP 



n. 



OM 



ni. 



MP 



IV. 



OP 



V. 



OP 



VI. 



OM 



OP' ~ OP' ' 01^ ' MP' ' OM' " MP 
IV., v., VI. are respectively the reciprocals of I., II., and III. 

28. These ratios are of much importance in all mathematical 
investigations. For convenience, they have been given the follow- 
ing names. If XOP be the angle A, then 

12 
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I., --— is called the sine of angle A^ and is read, sine A\ 

TL., -y-- is called the cosine of angle A^ and is read, cosine A ; 

MP 
XII.^ :=-- is called the tangent of angle A, and is read, tangent A ; 
OM 

OP 
ly., -^i- is called the cosecant of angle i, and is read, cosecant A\ 

OP 
v., •—-- is called the secant of angle i, and is read, secant A\ 

UJa 

YI. ^^— is called the cotangent of 4, and is read, cotangent A. 

29. The expressions sine A, cosine A, tangent Ay cosecant A, se- 
cant Aj cotangent A are abbreviated into sin Ay cos A, tan Ay esc A or 
cosecAy sec Ay cot Ay respectively. 

The powers of the trigonometric ratios are expressed as follows : 

(sin -4)* = sin -4 X sin J., is written sin'^; 

(cos Af =5 cos J. • cos A • cos -4, is written cos* -4 ; 

(tan -4)" is written tan* -4, 
and so on. 

The stadent must notice that ** sin 4 *^ is a single symbol. It is the name of 
a number^ or fraction, belonging to the angle 4 ; and if it be at any time con- 
venient, we may denote «in4 by a single letter^ such as 9 or a% Also Wl^A is 
an abbreviation for (sin4)^ that is, for (sin^) x (sin 4). Such abbreviations 
are used because they are convenient. 

The student who succeeds in the study of trigonometry must oonunit the 
preceding definitions to memory. 



CHAPTER IV 

THE ACUTE ANGLE 

30. Thus fax we have placed no limitations on the magnitude of 
the angle under consideration at any time. In the present chapter 
we shall confine our attention to angles lying between 0^ and 90°. 
We shall, in Chapter YII., return to the consideration of the general 
angle. 

P 




Fio. 11. 



3L Given a right triangle OMP with the right angle at M, 
Then MOPiH acute, as is also 0PM. Let us consider angle MOP; 
esMZMOPyA] then, 



sin^: 



MP _ side of triangle opposite angle under consideration 



OP 



or, briefly, 
OM 



sin 



hypotenuse 

A _ opposite side^ 
"" hypotenuse ' 



cos -4 = 



OP 

side of triangle adjacent to the angle under consideration 



or, briefly. 



COS^: 



hypotenuse 

adjacent side . 
hypotenuse 
U 
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. MP opposite side . 

tan A = 7vi>= -^ ■ ., ; 

OM adjacent side 

and similar expressions for the other ratios. 

ExBBcisB. Write the trigonometrical ratios of angle P. 

32. Assuming that the angle XOP is less than 90^, we shall show 

I. ThaJt so long aa^ the angle remains unchanged, the ratios remain 
unchanged. 

II. ThaJt a smaU change in the angle produces a cTiange in each of 
the raJtios. 




I. Take any angle ROE\ let P be any point in OE, one of the 
lines containing the angle, and let P', P" be any two points in OR, 
the other line containing the angle. Draw PM perpendicular to 
OR, and PM^, P'^M" perpendiculars to OE. 

Then the three triangles OMP, OM'P, OM"P' each contain a 
right angle, and they have the angle at common ; therefore their 
third angles must be equal. 

Thus the three triangles are equiangular. 



Therefore the ratios 



MP M'P' M*P" 



are all equal. (Geom.) 



OP' OP ' 0P'[ 

But each of these ratios is OPP^S^ e si e ^^^ reference to the 

hypotenuse 

angle at ; that is, they are each sin ROE. 

Thus, sin ROE is the same whatever be the position of the point 
P on either of the lines containing the angle ROE, 

Therefore sin ROE is always the same. 

II. Let XOP and XOP be two angles nearly equal. (See Fig. 13). 



1 We shall show (Art. 63) that this change must be, in general, less than 90^. 
However, our proof is rigorous for the proposition stated. 
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Let 0P= OP'. (SeeL) 

Let PQ' and PQ be perpendicular to OX. 

Since Z XOF"^ ^ ZXOP-, P'Q* =jfc PQ (Geometry) ; 

.-. M^P ^ MP (Geometry) ; .% OW ^ OM (Geometry) ; 



BinXOP' = 



OP 



But, 






sin XOP= 



MP 



MP 
OP 



OP OP 

sin XOP'¥= Bin XOP. 




Fig. 18. 

ExBBOiflB L Froye Proposition I. of this article for the remaining ratios. 
EzBBOisB n. Prove Proposition II. of this article for the remaining ratios. 

33. The student should observe carefully 

(I) that each ratio^ such as ^^ , is a mere number; 

(ii.) that we have proved, in .Art. 32, these ratios remain unchanged as long 
as the angle remains unchanged ; 

(iii.) that if the angle be altered ever so slightly, there is a consequent 
alternation in the value of these ratios ; 

(iv.) that since these ratios are all numbers, they are therefore algebraic 
quantities, and hence obey all the laws of ordinary algebra. 

(v.) that there is a right angle in the same triangle as the angle referred to. 

Example. In Fig. 14, in which BDA is a right angle, find sin DBA and 
fio%DBA, 

In t-hig case 

(i.) DBA is the angU. 

(IL) BDA is a right angle in the same triangle as the angle DBA, 

(iii) DA is the side opposite DBA and is perpendicular to BD, 

<iv.) BA is the hypotenuse. 

(v.) BD\Aihtadiaceivt8ide. 

1 We shall use the sign s^, <, >, to mean <«]s difierent from," *«is not 
less than," << is not greater than," respectively. 
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Therefore OnDBA, which is OPPO^;*^ ""^^ ^^; 

* hypotenuse ' BA * 



cos DBAt which is 



adjacent side _JBD 
hypotenuse ' " BA' 



34. 



BZAMPLBS. V. 



1. In the triangle ABC, C being a right angle, AB = 26, CB = 16; find 
sin^, cos A 

2. If in the triangle ABC, C being a ri^t angle, AC = 2, BC = 4, find 
sin B, cos B, and cot J?. 

8. Let ACB be any angle, and let ABC and BDC be right angles (see 
Fig. 14). Write down two values for each of the following ratios : (L) sin ^C^, 
(ii.) cos ACB, (in.) tan^CB, (iv.) sinB^C, (v.) cosB-4C, (tL) tan BAC. 




TiQ. 14. 



4. In Fig. 14 BDC, CBA, and JSAC are right angles. 
Write down (i.) am DBA, (ii.) sinJ5i?^, (iU.) am CBD, (iv.) cosB^l^, 
(V.) cos BAD, (VL) cos CBD, (vii.) tanBCB, (viii.) tan DBA, (ir.) tanB^A, 
(X.) tan CBD, (xi.) sinB^B, (xii.) aia BAE. 




5. If ABC be any right-angled triangle with a right angle at C, and we let 
A, B, and C stand for the angles at A, B, and C respectively, and let a, b, and c 
be the measures of the sides opposite the angles A, B, and C respectively : 
o 
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Show that sin ^ = -, co8^ = -, tan^=:^« 
e c 

Show also that sin^^ + cos^^ = 1. 

Show also that (i.) a=:c*8in^, (ii) 6 = c*sinB, (ilL) a=:e-cosB, 

(iv.) & = c • 008^, (v.) sin ^ = cos J?, (yi.) cos ^ = sin J?, (vii.) tan ^ = cot B. 

6. The sides of a right-angled triangle are in the ratio 6 : 12 : 13 ; find the 
sine, cosine, and tangent of each acute angle of the triangle. 

7. The sides of a right-angled triangle are in the ratio 1 : 2 : v^ ; find the 
sine, cosine, and tangent of each acute angle of the triangle. 

8. Prove that if ^ be either of the angles of the above two triangles, 
sin«-4 + co8«-4 = l. 

9. ABC is a right-angled triangle, C being the right angle. AB is 2 feet 
and AC ial foot ; find the length of BC, and thence find the value of sin A, 
COB Ay and tan A 

10. ABC is a right-angled triangle, C being the right angle, AB = v^ ft. 
and AC = 1 foot ; prove that sin^ = cos ^ = sin J? = cos B. 

11. ABC is a right-angled triangle, C being the right angle ; BC = 1 foot, 
and AB = v^ feet; find^Candsiuilandsinf. 



CHAPTER V 

ON THE TRIGONOMETRICAL RATIOS OF CERTAIN ANGLES 

35i The trigonometrical ratios of an angle are numericcU quantities 
simply, as their name ratio implies. They are in nearly all cases 
incommensurable numbers. 

Their practical value has been found for all angles between 0° and 
90**, which differ by 1'; and a list of these values will be found in 
any volume of Mathematical Tables. 

The general method of finding trigonometrical ratios belongs to 
a more advanced part of the subject than the present, but there are 
certain angles whose ratios can be found in a simple manner. 

36. To find the sine, cosine, and tangent of an angle of^"*. 

When one angle of a right-angled triangle is 45**, that is, the half 
of a right angle, the third angle must also be 45^ Hence 46° is one 
angle of an isoscdea right-angled triangle. 




Let POJf be an isosceles triangle such that PMO is a right angle, 
and 0M= MP. Then POM=z 0PM =: 45**. 

Let the measures of OJf and of MP each be m. Let the measure 
of OP be X. 

19 
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Then 
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.'. » ■■ ■y/2 • m. 



MP 



Hence, tin 450 » sin POJrs^= ^ 
coe 450 » COB POJr 



^-hA 



OF V2-*» \/2 2 
OJf m 



OF V2.m V2 2^^ ' 



OM m 1 



37. To find the stne, cosine, and tangent of an angle of 60^ 

Each angle in an equUaieral triangle is 60^^ because they are each 
one-third of 180°. If we draw a perpendicular from one of the angu- 
lar points of the triangle to the side opposite, we get a right-angled 
triangle in which one angle is 60^ 

Let OFQ be an equilateral triangle. Draw FIf perpendiculax to 
OQ. Then OQ is bisected in Jf. 

Let the measure of Olf be m| then that of OQ is 2m, and there- 
fore that of OP is 2m. 




Let the measure of MF be x. 

Then aj«=(2m)*-m*=:4m«-m« = 3m*. 

•*, X as "^S • m. 
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Hence, sin 60» = sin POM= ^= :i^^^^ = 3^ 

OM m 1 ^ 

3& To find the sine, cosine, amd tangent of an angle of SOP. 
With the same figure and eonstruction as above we have the 
angle 0PM z=^ 30*, since it is half of OPQ^ ».e. of 60^ 

Hence, sin30* = sinOPif=^=: ^ =| 

cos 3(r = cos OPlf =^= 3^1-1^ = :^^, 

PO 2m 2 ' 

tMi80* = tanOPJf=:^=--^=:^ = Jv3- 
PM -y/S-m -y/3 3^ 

39. To find the sine, cosine, and tangent of an angle of 0^ 

P 




Fu. 18. 

Let XOP be a small angle. Draw PM perpendicular to OX, and 
let OP be always of the same length, so that P lies on the circumfer- 
ence of a circle whose centre is 0. 

Then if the angle XOP be diminished, we can see that MP is 

MP 

diminished also, and that consequently --— , which is sin XOP, is 

diminished. And by diminishing the angle XOP sufBciently, we can 
make MP cw innaU as we please, and therefore we can make sin XOP 
smaller than any a^ssignable number however small that number may he. 
This is what is meant when it is said that the value to which 
sin XOP approaches as the angle is diminished, is 0. This is 
expressed by saying, 

sin 0*^ = 0. (i.) 

Again, as the angle XOP diminishes, OM approaches OP in 

length ; and cos XOP, which is -^^ approaches in value to •-— ^ 

i.e. to 1. 



22 
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This is expiessed hy saying, 
MP 



(iL) 



Also^ tan XOP is -przrpf and we have seen that MP approaches 0, 



while Oif does not; .*. tan XOP approaches 0. 
This is expressed by saying, 

tanO'^O. 



(iii.) 



40. To find the sine, cosine, and tangent of 90^. 

Let XOFbe a right angle = 90*. 

Draw XOP nearly a right angle ; draw PM perpendicular to 
OXf and let OP be always of the same length, so that P lies on the 
circumference of a circle whose centre is O. 




\ 



\ 
\ 

\ 
\ 
\ 
I 

— ix 
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Then, as the angle XOP approaches to XOT, we can see that 
JIfP approaches OP, while OJIf continually diminishes. 



Hence when XOP approaches 90*, sin XOP, which is 

OP 1 

approaches in value to -^ that is to ^, i,e. to 1. 

Hence we say that sin 90* = 1. 

Again, when XOP approaches 90*, 



MP 
OP^ 



cos XOP, which is -— , approaches in value to -^, that is to 0. 



Hence we say that cos 90* = 0. 

Again, when XOP approaches 90*, tan XOP, which is 



approaches in value to 



OP 



(ii.) 
MP 
OM' 



a quantity which approaches 
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But in any fraction whose numerator does not diminish, the 
smaller the denominator, the greater the value of that fraction ; and 
if the denominator continually diminishes, the value of the fraction 
continually increases. 

Hence, tan XOP can he made larger than any assigned number 
by making the angle XOP approach near enxmgh to 90®. 

This is what we mean when we say that 



tan 90"* is infinity, or, tan 90'' = ao. 

41. The following table exhibits the above results : 



(iiL) 



angle 


0° 


80° 


46° 


60° 


90° 


sine 





} 


JV2 


JV3 


1 


cosine 


1 


iV3 


iv/2 


} 





tangent 





iV3 


1 


V3 


CO 



The student may notice that the sine increafles with the angle, while the 
cosine diminishes as the angle increases. 

Also that the squares of the sines of 0°, 30°, 45°, 60°, and 90° are respectively 
^1 i* I* l> ^^^ I) ^^^ ^1^^ the squares of the cosines of the same angles are J, |, 
J, J, and 0. 

EXAMPLBS. VI. 

If ^ = 90°, B = 60°, C = 30°, D = 45°, prove the f oUowing : 

1. cosa^-sina^rrl -2 8in«B. 

8. sin B • cos C + sin C • cos B = sin^. 

8. 2(cosB*cosD + sinB*sin2>)3 = l + oosC. 

4. 2(sin2>.cosC-sinC.cosD)«= l-cosC 

6. sin 30° = .6. 6. tan 60° = 1.732 .... 7. sin 45° = .7071 ..- 

8. sin 60° = .8660.... 9. tan 30° = .5773.... 



CHAPTER VI 

PRACTICAL APPLICATIONS 

42. The actual measurement of the line joining two points which 
are any considerable distance apart^ is a very tedious and difficult 
operation, especially when great accuracy is required; while the 
accurate measurement of an angle can, with proper instruments, be 
made with comparative ease and quickness. 

43. A Sextant is an instrument for measuring the angle between 
the two lines drawn from the observer's eye to each of two distant 
objects respectively. 

A Theodolite is an instrument for measuring angles in a hori- 
zontal plane; also for measuring <^ angles of elevation" and <^ angles 
of depression." 

44. The angle made with the horizontal plane, by the line join- 
ing the observer's eye with a distant object, is called 

(i.) its angle of elevation, when the object is above the observer; 
(ii.) its angle of depression, when the object is below the observer.^ 

45. Trigonometry enables us, by measuring certain angles, to 
deduce other distances from one known distance, or, by the meas- 
urement of a convenierU line, to deduce by the measurement of angles 
the lengths of lines whose actual measurement is difficult or im- 
possible. 

46. For this purpose we require the numerical values of the 
Trigonometrical Ratios of the angles observed. Accordingly, mathe- 
matical tables have been compiled, giving these ratios. These tables 
constitute a sort of numerical Dictionary, in which we can find the 

1 In measuring the angle of depression the telescope is turned from a hori- 
zontal position downwards. See Ex. YII. 8. 
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numerical values of the trigonometrical ratios of any required 
angle. 

Example 1. At a point 100 feet from the foot of a tower, the angle of ele- 
yation of the top of the tower is observed to be 60°. Find the heigJU of the top 
of the tower above the point of observation. 




Fxo. 90. 



Let O be the point of observation ; let P be the top of the tower ; let a 
horizontal line through O meet the foot of the tower at the point M. Then 
OM- 100 feet, and the angle JfOP = 60°. Let JfP contain x feet 

Then ^ = tan Jf OP = tan 60° = ^8. 

Om 

.-. a; = 100. V3 = 100 X 1.7320, 
= 173.2. 

Therefore the reqnhnd height is 178.2. 

ExAMPLi 2. At a point 100 yards from the foot of a building, I measure 
the angle of elevation of the top, and find that it is 23° 16' ; what is the height 
of the building? 

As in Example 1, let the height be x yards. 

Then -^ = tan 23° 15'. 
100 

From the table of tangents we find that tan 28° 16' = .4206339. 

Hence x = 100 x .4296339 = 42.96339. 

The height of the building = 43 yards, nearly. Ans. 

ExAMPLB 3. A flagstaff, 26 feet high, stands on the top of a cliff ; from a 
point on the seashore the angles of elevation of the highest and lowest points of 
the flagstaff are observed to be 47° 12' and 46° 13' respectively; find the height 
of the cliff. 

Let O be the point of observation, PQ the fiagstaff . 

Let a horizontal line through O meet the vertical line PQ produced in Jf. 

Then QP = 26 feet, MOP = 47° 12', MOQ = 45° 13'. 



26 



TRIGONOMETRY FOR BEGINNERS 



Let 
Then 



and 



MQ = X feet; let 0M=: y feet. 



^= tan 47^^12', 
OM 



MQ_ 



OM 

Hence, by diyision, 



= tan 46° 13', 



, ?^±^=tan47oi2', 

y 

.% ? = tan46oi3'. 

y 

x + 26_tan47f^. 
z tan 45"^ 13' 




Fxo. SI. 



In the tables we find that 

tan 47° 12' = 1.0799018, and tan 45° 13' = 1.0075918. 

. ^ 26^ 1.0799018 _. .0723100 
" X 1.0076918 1.0076918 



_«_ 1.0075918 _ 100759 
25 



.0723100 
2618976 



*'* * 7231 
Therefore the cliff is 348 feet high. 



7231 
= 348, nearly. 



EXAMPLES. Vn. 
Note. The answers are giyen correct to three significant figures. 

1. At a point 179 feet in a horizontal line from the foot of a column, the 
angle of elevation of the top of the column is observed to be 45^ ; what is the 
height of the column ? 

8. At a point 200 feet from, and on a level with the base of a tower, the 
angle of elevation of the top of the tower is observed to be 60^ ; what is the 
height of the tower ? 

8. From the top of a vertical cliff, the angle of depression of a point on 
the shore 150 feet from the base of the cliff, is observed to be 30^ ; find the 
height of the cliff. 

4. From the top of a tower 117 feet high the angle of depression of the 
top of a house 37 feet high is observed to be 30^; how far is the top of the 
house from the tower ? 
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6. A man 6 feet high stands at a distance of 4 ft. 9 in. from a lamp-post, 
and it is observed that his shadow is 19 feet long ; find the height of the lamp. 

6. The shadow of a tower in the sunlight is observed to be 100 feet long, 
ajid at the same time the shadow of a lamp-post 9 feet high is observed to be 
3^ feet long. Find the angle of elevation of the sun, and the height of the 
tower. 

7. From a point P on the bank of a river, just opposite a post Q on the 
other bank, a man walks at right angles to FQ to a point B so that PB is 100 
yards ; he then observes the angle FBQ to be 82^ 17' ; find the breadth of the 
river, (tan 32° 17' = .6317667.) 

8. A fine wire 300 feet long is attached to the top of a spire and the incli- 
nation of the wire to the horizon when held tight is observed to be 40^ ; find 
the height of the spire, (sin 40^ = .6428.) 

9. A flagstaff 26 feet high stands on the top of a house ; from a point on 
the plane on which the house stands the angles of elevation of the top and 
bottom of the flagstaff are observed to be G0° and 45^ respectively ; find the 
height of the house above the point of observation. 

10. From the top of a cliff 100 feet high, the angles of depression of two 
ships at sea are observed to be 45^ and 30° respectively ; if the line joining the 
ships points directly to the foot of the cliff, find the distance between the ships. 

11. A tower 100 feet high stands on the top of a cliff ; from a point on the 
sand at the foot of the cliff the angles of elevation of the top and bottom of the 
tower are observed to be 76° and 60° respectively ; find the height of the cliff, 
(tan 75°= 2 + ^3). 

18. A man walking along a straight road observes at one milestone a 
house in a direction making an angle 30° vTith the road, and that at the next 
milestone the angle is 60° ; how far is the house from the road ? 

18. A man stands at a point A on the bank AB of a straight river and 
observes that the line joining ^ to a post C on the opposite bank makes with 
AB an angle of 30°. He then goes 400 yards along the bank to B and finds 
that BO makes with BA an angle of 60° ; find the breadth of the river. 

14. From the top of a hill the angles of depression of the top and bottom 
of a flagstaff 26 feet high at the foot of the hill are observed to be 45° 13' 
and 47° 12' respectively ; find the height of the hiU. (tan 45° 13' = 1.0075918. 
(tan 47° 12' = 1.0799018.) 

16. An isosceles triangle of wood is placed on the ground in a vertical 
position facing the sun. If 2 a be the base of the triangle, b its height, and 30° 
the altitude of the sun, find the tangent of half the angle at the apex of the 
shadow. 

16. The length of the shadow of a vertical stick is to the length of the 
stick as V3 : 1. If the stick be turned about its lower extremity in a vertical 
plane, so that the shadow is always in the same direction, find what will be the 
angle of its inclination to the horizon when the length of the shadow is the 
same as before. 

17. What distance in space is travelled in an hour in consequence of the 
earth's rotation, by a person situated in latitude 60° ? (Earth's radius = 4000 
miles.) 



CHAPTER VII 

USE 07 6I0NS + Am) -. THB TBIGONOMBTBIC EATIOS 

47. Lines. The student has learned, in his.stady of algebra^ that 
every quantitative symbol is affected by one of two signs, + or — ; 
that if & be such a symbol, then + b and — b are of the same abso- 
lute magnitude, but that they are opposite in character; i.e. by what- 
ever process + b may ha/oe been generated, — • b has been generated by 
an exacUy opposite process. We express this symbolically thus : 

a + 6 — 6 3= a. 

A line may be regarded as having been generated by the move- 
ment of a point. If, then, a line segment generated by the move- 
ment of a point in a given direction is represented by + &, where b 
is its measure, then a line segment generated by movement in the 
opposite direction is represented by — &, if & be its measure. 

Thus line segments generated in opposite senses furnish an illus- 
tration of this algebraic convention. 

4& We add line segments by placing the beginning of one segment 
at the end of another, so that all the extremities are coUinear ; e,g. 
suppose AB, CD, EF are line segments whose measures are a, b, c, 
respectively. 

(1) Suppose AB, CD, EF are all generated in the same sense, 
then (1) Fig. 22 is the geometrical representation of their sum. The 
measure of their sum is a + 6 -f c. 

(2) Suppose AB and CD are generated in one sense and EF 
in the opposite sense, then (2) Fig. 22 is the geometrical representa- 
tion of their sum. The measure of their sum is a + 6 — c. 

(3) Suppose that AlB and CD are generated in one sense, and 
that EF is generated in the opposite sense, and that the measure 
of EF=: the measure of CD; then (3) Fig. 22 is the geometrical rep- 
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resentation of their sum. The measure of their sum ia a + b — b. 
In each case 

A B E F 

(1), i g . 



A B 
(2)5 ^ hF- 



(S)t V 



Fio. SS. ^ 

Any straight line, OX being given, then it follows that 
Lines drawn parallel to OX in one sense may be assumed posi- 
tive ; that is, are represeifUed cdgebrodcdUy by their measures with the 
sign + before them; then 

Lines drawn parallel to OX in the opposite sense are negative ; 
that is, are repreeerded cUgebraicaUy by their measures tmth the sign 
— before them, 

49. In naming a line by the letters at its extremities, we can 
indicate by the order of the letters the direction in which the line 
is supposed to be drawn. 

Hence in using the two letters at its extremities to represent 
a line, the student will find it advantageous always to pay careful 
attention to the order of the letters. 

50. We should notice 

(1) That it is immaterial which sense we choose as positive. But 
that, when once chosen, the negative sense is determined. 

(2) That the line is the resutt of the movement, not the process. 
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51. We have already said in Art. 5 

(i.) that, when an angle XOP is described by OP turning about 
in the direction contrary to tJiat of the hands of a watch, the angle 
XOP is said to be positiye ; that is, is represented algebraicaUy by 
its measure with the sign + before it, 

(ii.) that, when an angle XOP is described by OP turning about 
in the same direction as the hands of a watch, the angle is said 
to be negative; that is, is represented ailgebraicaUy by its measure 
with the sign — before it. 

52. Definitions. Quadrants. 

Draw through any point O two lines OX, OT perpendicular to 
each other. 

(OX is drawn usually horizontally.) 

The plane is divided into four parts called quadrants. 



Y' 

Fxe.M. 

The part of the plane lying between 
(i.) OX and T constitutes the first quadrant, 
(ii.) OF and OX constitutes the second quadrant, 
(iii.) OX' and OY^ constitutes the third quadrant, 
(iv.) F and OX constitutes the fourth quadrant. 

An angle is said to be of the first quadrant if the radius vector 
OP is in the first quadrant ; of the second, third, or fourth quadrant 
according as it is in the second, third, or fourth quadrant. 

53. Let -4 be an angle between 0° and 90°, and let n be any whole 
number, positive, negative,'^or zero. Then 
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(i.) 2n X 180® + A represents algebraically an angle of the first 
quadrant. 

(ii.) 2nx 180° — A represents algebraically an angle of the 
fourth quadrant. 

[For 2n X 180^ represents some number n of complete reyolatioiis of OP; 
so that after describing n x 860^, OP is again in the position OX] 

(iii.) (2 n+1) X 180** — A represents algebraically an angle of the 
second quadrant. 

(iv.) (2w-f l)x 180° + -4 represents algebraically an angle of 
the third quadrant. 

[For after describing (2 n + 1) x 180°, OP is m the position OX] 

The corresponding expressions in circular measure are 

(L) 2nir+tf; Qi.)2nir-e; (iii.) (2n+l)ir-.tf; (iv.) (2n+l)ir+ft 

ESXAMPLBS. Vin. 

Draw a figure giving the position of the radius vector after it has tamed 
through each of the following angles, and state to what quadrant each angle 
belongs. 



1. 


270O. 




t. 425°. B. -80°. 


7. -480°. 


8. 


370°. 




4. 680°. 8. -830°. 


». -760°. 


9. 


27 ir 

4 




11. (2n+l)» + |. 


18. 2n»-|. 


10. 


2nr+ 




18. (2n + l)»-^. 


14. (2n + l>-|. 



KoTx. nr always stands for a whole number of two right angles. 

54. For the remainder of our discussion, we shall make the fol- 
lowing i^eements: 

Choose O as origin; choose OX, drawn horizontally, as initial 
line. 

I. For lines parallel to the initial line OX, the positive direction 
is from O to X. 

It is convenient, when considering one angle only, so to arrange the figure 
that from O to X is from left to rig^t 

We next choose the positive direction of revolution about O for 
the radius vector. 

II. For lines perpendicular to OX, the positive direction is from 
O to F, where XOFis B,positive right angle. 

When from O to Xis from left to right, and the positive direction of revo- 
lution about O is contrary to that of the hands of a watdi with its face 
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apwardi (connter^lockwiM), then from to y is in the direction from the 
bottom of the page to the top. 

III. For lines parallel to OP^ the positiye direction is from O to P. 

The raditu yeotoroarriea its positiye direction around with it ; hence OP is 
aiwayi poHtive, The direction from to P, as OP reyolyes, nowhere nnder- 
goet a sudden rerersal of direction such as is indicated by a change of sign. 





1 


r 






+ 




— 

i 


^7? 



r 

As already explained, the negative direction is in all oases exactly 
the reverse of the positiye direction. 

We haye said that the definitions of the Trigonometrical Batios 
(Art. 26) apply to angles of any magnitude. We may say also that 
when the angle exceeds a right angle, a line on which the point P is 
taken must be considered the radius vector; and that the order of the 
letters in MP, OM, OP give the directions of the lines, and therefore 
the 9ign$ of their measures. 

88i We will now show that the trigonometrical ratios of an 
angle vary In Sign according to the Quadrant in which the radius 
vector of the angle happens to be. 

From the definition we have, with the usual letters, 

sinXOP=^, cosXOP=^, tanXOP=^. 

I. When OP is in the first quadrant (Fig. 26), 
MP is positive because from M to Pis upwards (Art. 54, 11.) ; 
OMis positive because from to Jf is towards the right (Art. 54, 1.) ; 
OP\Bpo9iUve (Art. 64, III.). 
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Hence, if ^ be any angle of iiiie first quadrant, 
sin^ which is -^— , la positive; 

Q]Lf 

eo&Ay which is —^ \a positive; 
tan^ which is -r^i is positive. 





n. When OP is in the second qnadiant (Fig. 27), 
MP is positive, because from Jf to P is upwards. 
OMis negative, because from O to If is towards the left 
OP is positive. 
Hence, if ^ be any angle of the second qnadiant, 

MP 

smA, which is ——, ia positive; 

COB A, which is -j—^ is negative; 

MP 
tsjkA, which is ----, is negative. 
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III. When OP is in the third quadrant (Fig. 28), MP is negor 
Hvey OM is negative, OP is positive. 

So that, if ^ be any angle of the third quadrant, 

sin A is negative, cos A is negative, tan A is positive, 

TV, When OP lies in the fourth quadrant (Fig. 29), MP is nc^fo- 
<ive, OM 18 positive, OP ia positive. 

So that, if ^ be any angle of the fourth quadrant, 

sin^ is negative, cos A is positive, tan ^ is ne^o^ive. 
56. The table given below exhibits the results of the last article: 



Quadrant. . . 


I. 


II. 


III. 


IV. 


Sine 


+ 


+ 


- 


- 


Cosine .... 


+ 


- 


- 


+ 


Tangent . . . 


+ 


- 


+ 





The student should notice that for any particular quadrant the three sign* 
of sine, cosine, and tangent are unlike their signs for any other quadrant. 

57. The cosecant, secant, and cotangent of an angle A have the 
same sign as the sine, cosine, and tangent of A respectively. 



BXAMPLESS. IX. 

State the sign of the sine, cosine, and tangent of each of the following 
angles: 

1. eo^ 2. 135^ S. 265^ 

4. 275^ 6. -10°. 6. -9r. 

7. -193^ 8. -350°. 9. -1000°. 

10. 2nir + Jir. 11. 2nir + fir. 12. 2nr-iir. 

S& The ratios of an angle of any quadrant may he expressed in 
terms of the ratios of a positive angle between (f and 90°. 

The algebraic values of the ratios depend only on the position of 
the radius vector. 

I. Hence the proposition is evident for angles of the first 
quadrant. 
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n. Consider an angle of the second quadrant. 

Let XOP9 be an angle of the second quadrant With OP^ as 
radius describe a circle about O as centre. Construct Z XOP^ Pi 
being on the circumference of the circle [see I., Art. 32], so that 




Fi«. 80. 



the measure of Z XOPi = measure of Z XOPf. From Pj and P, 
let perpendiculars fall on XX', cutting it in Mi and Mf respectively. 



Then 

whence 

and 



But 



AJIfiOPi=AJIf,OP,; 
MfP^ = MiPi, 

0-af, = -0-afi (Art. 47). 

sinXOP, = ^; sinXOP, = ^. 

MtPt _ MiPi 

OP, ~ OPi ' 

.: sin XOP, = sin XOP,; 



cobXOP,= 
tanXOP, 



OM. 



OMi 



OP,- 
OM,' 



OP, 

^P, 
' OM,' 



= — cos XOPr, 



tanXOP,. 



III. Angles of third quadtant 

Let OXPt be an angle of the third quadrant (Fig. 31). 

By reasoning similar to that in 11., 

M^, = - MiPi ; 0M,=:- OMi (Art. 47). 



S6 
Hence 
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8inX0P,= 



OP, 



^=-ttnXOPu 







Fio. 81. 

rV. We leave as an exercise for the student to prove: If 
XOP4 is an angle of the fourth quadrant, 

sin XOF^ = - sin XOPi ; 

cos XOP^ = cos XOPi ; 

tan XOP^ = - tan XOPi, 

We have now proved our theorem. 

CoBOLLABY I. The results of the preceding article may be for- 
mulated as follows (see Art. 53) : 



sin (2 n 180'' ± if)= ± sin if ; 
cos(2/il80^±>r)=co8>r; 
tan (2 /1 180° ± A)= ±tan/l. 

sin [(2/1 + 1) 180'±>r]= T sin if; ' 
co8[(2/i -hl)180°±>»] = -co8>r; 
tan [(2 /I + 1) 180** ± >!]= ± tanif. 



I. 



n. 



where -4 is an angle between 0® and 90®, and n is any integer 
positive, or negative, or zero, and either the upper sign or Khe lower 
sign is read on both sides of the equations. 
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GosoLLABY II. Making n = 1 in each of the equations L, we 
obtain the very important formulaB: 

8in(360*'±>r) = ±8injr; 
cos (360'' ± if) = COS if; 
tan (360** ± if) = ± tan/I, 

Making n = in IL, 

sin (18V ± if) =T sin if; 
cos (180** ± if) = - cos if; 
tan (180** ± if) = ± tan if. 

Making n = in I., and reading the lower sign, we obtain : 

sin (— if) =£ — sin if ; 
cos(— ^ = cosif; 
tan(-if)=-tanif. 

39. If A be any angle, 

sin(180**-if) = sinif; 
cos (180** - if) = - cos if ; 
tan (180** - if) = - tanif. 




Tm. S4. 



Fia. 86. 
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Let XOPhe any angle, A-j see Figs. 32, 33, 34, 36. 
Let XOP' be 180° -A 

It is easily proved that 
if ^ is an angle of 1st quadrant, 180"— J. is an angle of 2d quadrant 
if ul is an angle of 2d quadrant, 180"— ul is an angle of 1st quadrant 
if ul is an angle of 3d quadrant, 180"— ul is an angle of 4th quadrant 
if ul is an angle of 4th quadrant, 180"—^ is an angle of 3d quadrant 

and as in Art 68, P'JT = FM; 



In each case 



sin(180"-^)=^ = ^ = sin^; 

cos(180"-.^) = ^=Z^=:-cos^; 

tan (180"-^) = ^ = -^ = - tan A ^,^ 



60. Definition. One angle is said to be the supplement of 
another when their sum is two right angles. The results of Art 68 
may now be stated in words : 

The sine of the supplemerU of an angle = the sine of the angle. 

The cosine of the supplement of an angZe^ the negaJtive cosine 
of the angle. 

The tangent of the supplement of an angle = the negaJtive tangent 
of the angle. 

BXAMPLBS. X. 

Prove, drawing a separate figure in each case, that 

1. sin 60° = sin 120°. 4. cos 320° = - cos (- 140°). 

8. sin 840° = sin (-160°). 6. cos (-380°) = -cos 660°. 

8. 8m(-40°) = sin220°. 6. cos 196° = -cos (- 15°). 

If ^, ^, C be the angles of a triangle, prove 

7. shi-4 = sin(B+C). 9. cos ^ = - cos (-4 + C). 

8. sinC=8in(.4 + B). 10. C08.4 = -C08 (C+ ^). 

Prove by means of a figure that 

11. sin (— ^) = — sin A, 18. cos (- A) = cos A. 
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Defikition. One angle is said to be the complement of another 
if their sum = a right angle. 

Example. The complement of 190^ is - 100^. 
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61. To prove if A is an angle, that 

8in(90'*-u4)=cosu4; 
cos(90^-u4)=sinu4; 
tan(90°- J.)=cot A 

We shall prove the theorem in case ^ is an angle of the first or 
of the second quadrant. The student should prove it for the remain- 
ing cases. 

If ul is an angle of the 1st quadrant, 90^*— A is an angle of the 1st 
quadrant. 

If ^ is an angle of the 2d quadrant, 90°— J. is an angle of the 4th 
quadrant. 

Let XOF=^A, and XOP' = 90° - A. 

Then, triangles MPO and liifOP' are similar (Pig. 36). 



OF OF 



(i.), and 



OW 



MF /.. V J WF* 

(u.), and 



OM 



OM" MF 



OF OF 

or sin (90° — -4)= cos -4 ; 

cos (90" --4)= sin u4; 
tan (90°-^)= cot A 



BXAMPLESS. XI. 
Find the complements of 

1. 30°. «. 90^ 5. -26'». 

2. 190^ 4. 360°. 6. -320°. 
Prove by drawing a figure in each case : 

9. sin 70° = cos 20°. 11. tan 79° = cot 11°. 

10. cos47°16' = sm42°44'. 18. sec36° = cosec64° 



(iii.); 



7. fir. 

8. -ir. 
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W. cos lOS** = sin - 16°. 16. aec ^ = coeec (90° - ^). 

14. tan 136° = cot -46° 16. cot-4 = tan(90° - ^). 

UA^B, C he the angles of a triangle, so that A-\- B + C= 180°, prove 
17 C08}^ = 8in}(B + a). 19. sin}C=coB}(-4 + -B)- 

18. co8}^ = sm}(^+(7). 90. 8in}-4 = C08}(B + (7). 

62. To find the ratios of 90"" + A. 

We shall consider only the case when A is between 0° and 90°. 

P.. 




Let XOPi = A, and XOP^ = 90° -f ^. 

Construct XOP'i = 90° - .4. 

Then the measure of XOP3 = measure of 180° - XOP'i. 

.', sin XOPa = sin XOP\ (Art. 67). 
But sin XOP\ = cos XOPi (Art. 60) ; 

t.6. sin (90° -f -4) = cos -4, and similarly 
cos (90° + u4) = - sin^, 
tan (90° + ^) = - cot A 
The proof for the remaining cases offers little difficulty. 

BXAMPLBS. XII. 

Find the algebraical value of the sine, cosine, and tangent of the following 
angles: 



1. 


160°. 


4. 330°. 




7. 226°. 


10. 760°. 


9. 


135°. 


6. -46°. 




8. -135°. 


11. -840°. 


8. 


- 240°. 


6. -300°. 




9. 390°. 


19. 1020°. 


18. 


2nir+^. 


14. (2n + l)i 


r — 


I 


(2n-l)ir+|. 


16. 


sin^ = }. 


17. sin^= ^ . 
V2 


18 


sin^ = ^. 
2 


19. sin^ = -l. 
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Find four angles between zero and + 8 right angles which satisfy the equa- 
tions: 

90. sin-4 = sin20° 21. sintf = — L- 88. 8intf = -8in5^. 

V2 7 

88. Prove that 30°, ISO"*, - ddO"", SOO"*, ~ 210° have the same sine. 

84. Show that each of the following angles has the same cosine : 

- 120°, 240°, 480°, - 480°. 

85. The angles 60° and - 120° have one of the Trigonometrical Ratios 
the same for both ; which of the ratios is it ? 

86. Can the following angles have any one of their Trigonometrical Ratios 
the same for aU ? - 23°, 167°, and - 167°. 

63. ThercUiosof the angles 

2n7r,2nir+|, (2« + l)^,(2n + l)7r + |. 

The reasoning by which we obtained the ratios of 0® and 90® 

applies with equal force for 2 rnr and 2 nir + ^ respectively, whence 
we obtain, 

8in2/i« = 0, co8 2/i«=l, tan2/i«=:0; (i.) 

8in/'2/i«-f|^=l, cos /^2/i«-f 1^=0, tan^2/i«+|^=ao. (ii.) 

We will now obtain the ratios of (2 n + l)ir. 
We have shown that 

sin XOP^ = sin XOPi ; (Pig. 30, Art. 58.) 

cos XOP^ = - cos XOPi ; 

tan XOP, = - tan XOPi, 

however little the difference between ISO'' and XOP^ may be. If 
this difference be very small, then XOPi differs from 0" by a very 
small quantity. Hence 

sin XOPi = 0, cos XOPi = 1, tanXOPi = 0; 

whence sinXOP, = 0, cosXOP2 = -l, tanXOP, = 0; 

or 8in(2/i + l)« = 0, co8(2/i + 1)« = - 1, tan(2/i + l)ir = 0. (iii.) 

We leave as an exercise to prove that 



tanr(2 /I + 1)» + 1"! = • * 
* See remark under corollary, next page. 



(iv.) 



42 



TRIGONOMETRY FOR BEGINNERS 



GosoLLABY. Making (1) n = in each of the preceding for- 
mvlad, and (2) n = 1 in I., we obtain : 



Angle .... 


0° 


90° 


180° 


270° 


mp 


Sine 





1 





-1 





Cosine .... 


1 





-1 





1 


Tangent . . . 





oo 





00 






The sign has been omitted from oo, since all that we know is, 
when the angle is a little less than 90^ or 270^, or a little greater 
than 90° or 270°, that the tangent is very large numericaUy; that in 
the first case, viz. the angle is a little less than either 90° or 270°, 
the tangent is positive ; and in the second case, negative. 

64. By Art. 32, if A be an angle of the first quadrant, 

(1) A small change in A will produce a change in the values of 
its ratios. 

(2) So long as the angle A is unchanged, its ratios are unchanged. 

(3) To each value of A there is a definite value for each of its 
ratios. By Art. 58 the ratios of an angle of any quadrant may be 
expressed in terms of the ratios of an angle of the first quadrant. 
Hence the theorems of Art. 32 are true for any angle; or, more 
briefly, the ratios of an angle are unique. 

Definition. When two quantities are so related that a change 
in the value of one of them produces a corresponding change in 
the value of the other, the second is said to be a function of the 
first. 

It appears from this article that the angle and its ratios are 
so related. For this reason the trigonometrical ratios are generally 
called trigonometric functions or circular functions. 

65. To trace the changes in the magnitude and sign of sin A as 
A increases from 0° to 360°. 

Construct circles with OP as radius. Let PM be perpendicular 

to OX Let u4 = XOP, 

MP 



Then 



sin A = ■ 



OP 
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When the angle A is 0**, MP is zero, and when A is 90®, MP is 
equal to 0P\ and as A continuously increases from 0** to 90*, MP 





Vio. 87. 



Fio. 88. 





Fia. 88. 



Fio. 40. 



increases continuously from zero to 0P\ also OP is always equal to 
OX 

TUfP A 

Therefore, when A = 0°, the fraction -— - is equal to -—-, that is 
' ' OP ^ OP^ 

; when A = 90®, the fraction -— - is equal to — -, that is 1 ; and as 

A continuously increases from 0® to 90®, the numerator of the fraction 

MP 

continuously increases from zero to OPy while the denominator is 



OP 



MP 



unchanged, and therefore the fraction ~— , which is sin A, increases 

continuously from to 1, and is positive. 

As A increases from 0® to 90®, MP increases from zero to OP, 
and is positive. 

Therefore sin A increases from to 1, and is positive. 

As A increases from 90® to 180®, MP decreases from OP to zero, 
and is positive. 
Therefore sin A decreases from 1 to 0, and is positive. 

As A increases from 180® to 270°, MP increases numerically from 
to OP, and is negative ; hence sin A increases numerically from 
to 1, and is negative. 
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As A increases from 270'' to 360^ MP decreases from OP to zero, 
and is negative. 

Therefore sin A decreases numerically from 1 to 0, and is negative. 

GoROLLABY. Therefore we may conclude that sin A is never 
greater than 1 ; that cos A is never greater than 1. That the nuvMrin 
ccU value of sec A or of cosec A is never less than 1. For 



»ec-4 = — -T, cosec -4 = 



cos^ 



smA 



(Def.) 



BXAMPLBS. Xni. 
Traoe the changes in sign and magnitude as A increases from QP to 360° of 
1. cos A 8. cot^. 6. cosec ^. 7. sin* A 

8. tan Am Cseoit 8.1 — sinX 8.sinii*coBiL 



CHAPTER VIII 

ON THE RELATIONS BETWEEN THE TBIGONOMETBIC BATIOS 




o 

Fxa. 41. 



M 



M 





Fxe. 48. 



Fie. 44. 



Let XOP= A, any angle. (The figures are those of Art. 26.) 
The following relations are evident from the definitions : 

cosec A : 



sec -4 = 



sin^il' 
1 



cot -4 = 



COS A' 

1 



To prove 



tan^ = 



tan^ 
sin^ 
cos^ 



(1) 

(2) 
(3) 



. . MP . OM 

sm-4 = =-, cos.4 = .^- 
OP OP 



sinul 



MP 

OP MP 



Similarly 



cos -4 OM OM 

OP 
co%A 



= tan J. 



sin^ 



= cot A. 



(4) Q.B.D. 

(5) 
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67. To prove sin* -4 -f cos* ^ = 1. 

8in*u!l = -— — , 008*^1 = — 

OP*' OP* 

Iff '%A^ tA MP^^OBP MP^+OJiP OF* ^ 
Now sm*^4.cos*^ = -^4.^^=— ^,— = ;^=1, 

since MP* -h OJIP = OP*. (Pythagorean Prop.) 

Similarly we may prove that 

1 + tan*u!l = 8ec*-4, 

and that 1 +cot*u!l = cosec*-4. 

68L The following is a list of Formols with which the student 

must make himself familiar : 

cosecu!l = -: — -, sec^ = -p 

sin A GoaA 

tan^ cos^ sin^ 

sin* A 4- cos* A = lf 
tan* A'\-l = sec* A, 
cot* A + l= cosec* A. 

69. By means of these f ormnlsB we are able to transform a given 
trigonometrical expression into a great variety of equivalent ex- 
pressions. 

Example. Prove that tan ^ + cot ^ = sec ^ • cosec A. 

Since tan^=?lM, cot^ = 5?54, 8ec^=— ^, co8ec-4 = 



coaA smA cos A fan A 

we have taii^ + cot^=5^ + ^ 

coB^ Sin A 

^ sin^^ + cosY ^ 1 ^^sec^.cosecA [Art. 67.] 

cos ^ • sin j1 cos ^ • sin ^ 

70. It is sometimes convenient to write a given expression in 
terms of the 9ine only, or in terms of the cosine only. 

Example I. Prove that sin* $-\-2 sin* $ cos* ^ = 1 - cos* 0. 
By Art. 67, we have sin* ^ = 1 — cos? 0, 
hence sin* ^ + 2 sin* ^ cos? « = (1 -cos*tf)* + 2(1 --cos*^)x co^0 

= (1 - 2cos*^ 4- cos*^) + (2cos*tf - 2co8*tf) 

= l-cos*^. 
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ExAMPLB IL Express sin^ $ + cos^ d in terms of cos d. 
sin* e + cos*^ = (1 - cos«d)3 + cos* $ 

= (1 -2co[i»^ + cos*d)+cos*tf 

= l-2cos3« + 2cos*^. 
NoTB. (1 — cos ^) is called the yersed sine of 6, and is written versing. 

BSXAMPLB8. XIV. 
Prove the following statements : 

1. cos^*tan^ = sin A 4. sec ^ • cot ^ = cosec A 

2. cot^*tan^ = l. 5. cosec ^ • tan ^ = sec A 

8. cos Jl = sin ^ • cot A 6. (tan^ + cot^)sin^.cos^ = l. 

7. (tan^ — cot^)stnil-cos^ = sin3^ — cos'A 

8. cos?il-sina^ = 2cosail-l = l-2sin«^. 

9. (sin^ + cos^)^ = l + 2sin^*cosA 

10. (sin A — cos A)^ = 1 - 2 sin -4 . cos ^. 

11. cos*B-sin*B = 2cos^^-l. 

12. (sin«B + co8«5)« = l. 

18. (sina£-cosa5)2 = l-4cosa^ + 4coB*J5. 

14. l-tan*£ = 2seca5-sec*£. 

16. (sec^-tanJ5)(secJ5 + tanJ5)=l. 

16. (cosec tf — cot ^) (cosec ^ + cot tf) = 1. 

17. sin«tf + cos«^ =(8in tf + costf)(l — sin tf oostf). 

18. cos«tf-sin»tf =(costf-sintf)(H-sintf costf). 

19. sin«tf + coE^tf = l~3sinS^.cos9«. 

90. (sin«^ - coS»0 = (2sin«tf - 1)(1 - sin^tf + sin*«). 

,j tan^l±ton^=tan^.tanJ5. 94. 1±^ = (cosec ^ + cot ^)«. 

cot-4 + cot^ 1-cosJl ^ 

88. 25L5L±i?5J=cota.tan/3. 85. 2 versin tf - versm^ tf = sinM. 

tan a + cot /3 

- . . 96. Yersin^(l + cos^)=sinatf. 

93. LzillB4=:(8ec^-tan^)«. 

Express in terms of (L) cos tf, (ii.) of sin 0^ 

87. cos*^-sin*^. 81. tan^tf + cot^^. 

88. (sin«tf-coS?d)2. 89. H-cot*d. 

89. l-tan*tf. 88. 1 + cot> ^ - cosec^ ^. 
80. sin«tf + coE^tf. 84. 2 tan* tf - 4 sin^ ^. 

86. Show cos (90^ - o) sin (180° - o) - sin (90° - o) cos (180° - o) = 1. 

86. tan (180° + 46°) tan 46° + 1 = sec 246°. 

87. cot 120°. cot(-60°)+l=-:-i— = —!--. 

^ ^ sin2 60° cos2 30° 

88. cos«[(2n + l)ir+^]=^»^^-^«^'(^^-^). 

sec^^ 
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By the aid of the formulsB of Art. 68 we may express the ratios 
of any angle in terms of any one of its ratios, e.g. 

To express the other trigonometric ratios of in terms of its 

tangent 

cottf = — 3L- 
tan^ 

8ectf=s:±VH-tjua?tf. 



OOS^s 



sectf 
sin 0s: tan $ cos $ 



±Vl + tan«tf 
tantf 



±VtanV + l 



^ 1 ± VH- tan V 
sm0 tan^ 



7L If be less than 90^ the following method can be employed 
with advantage : 

Let MOP be a right triangle ; Fig. 46, 
Let MP= t, 0M=1, .-. OP=vT+?. 

tan = i = f, sin = ^ ^ i 

1 VT+? 




cosi 



:^ and so on. With suit- 



able modifications we may employ this method whatever be the 
magnitude of $. 

Hence if we are given tan $ we can calculate the value of the 
remaining ratios by either of the above methods. 

E.g. suppose tan^aaVa^ then 



sintfss 



V3 V3 



vT+3 2 



and so on. 



72. The expressions obtained for sin B, cos 0, sec 0, and esc 0, in 
Art. 70, are affected with a double sign. Hence these ratios are 
not uniquely determined. If, however, we know tan $ and in addition 
to what quadrant $ beUrngSy we can determine the respective signs 
of the ratios named. 

E.g. if tan $ = VS and we know that $ is of the third quadrant, 

then sin tf=-:v;l. 
2 
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BXAMPLBS. XV. (a). 

1. Express all the other ratios of A in terms of cos A, 

8. Express all the ratios of 90^ + ^ in terms of cot ji; A<9QP. 

8. Express all the ratios of 180° — ^ in terms of sec A. 

4. Express all the other ratios of A in terms of esc A, 

6. Use f ormulsB of Art 67 to express all the other ratios of A in terms of 
sin A 

6. Use the method of Art. 71 to express all the ratios of ^ in terms of 
cosine^; ji<00^ 

BXAMPLBS. XV. (6). 

Suppose no angle in the following list is greater than + 180^. 
1. If sin ji = I, find tan A and cosec A, 
8. If cos J? = }, find sin J? and cot J?. 
8. If tan ji = f, find sin ji and sec A 
4. If sec = 4, find cot $ and sin 6, 
8. If tan = v^, find sin $ and cos $. 

2 

6. If cot = » find sin $ and sec $. 

V6 

7. If sin 0=^ find tan 0. 

c 

8. If tan 9 = a, find sin and cos 0. 

9. If sec 9 = a, find sin and cot 0. 

10. If sin d = a, and tand = 6, prove that (1 - a*) (1 + 6*)= 1. 

11. Jtcoa0 = hj and tan = ky find the equation connecting h and k. 

18. If ^<90°,and tanji + secji = 2,proyethatsin>l = ). Find the re- 
maining ratios of A, 

18. Show, using the formulse Art 67, that the numerical value of 
sinji>l. co6ii>l. secii<l. cosec ji<l. 



CHAPTER IX 

THE SOLUTION OF TRIGONOMETRICAL EQUATIONS 

73. The fonmilsB developed in Chapter VII. and the expres- 
sions to be proved in Examples XIY. are true for any angle. 

E.g. sin* A + cos' -4= 1, whatever be the value of A. 5^5— = tan ^ 
is true whatever value 6 may have. 

We shall now consider expressions which are true only for 
certain values of the angle. 

E,g. sin = ^^ is an equation satisfied by 45^ and 135^ and by 

no other }K)sitive angles less than 360^ 

The former expressions are called Trigonometric Identities. 

The latter expressions are called Trigonometric Equations. 

The solution of a trigonometric equation is the process of finding 
an angle which, if substituted in the equation, satisfies it. 

74. ExAHPLB 1. Solve the equation 

sin 9 — CSC + i = 0. 

Substitute in the eqaation esc 9 = -: — 

sm^ 

Then 2 sin^tf + 3 sin^ - 2 = 0, 

or (sin + 2)(28in^ - 1)= 0. 

.-. Bind = -2, (1) 

sin^ = }. (2) 

No angle satisfies (1). [Example 13, XY., (&).] 

I. Let us suppose that 9 <180^ 
Then from (2) 6 = 30^ (Art. 41.) 

or, 6 = ISO**. (Art. 68, Cor.) 

II. Suppose is unrestricted in magnitude. 

Then e = 30^, 2 t + 30°, 390°, ... 2 imt + 30° ; (Art. 58, Cor.) 

or, e = 160°, 2 ir + 160° ... 2 nir + 160°, 

or, in a single statement, 

^ = 2nT + 30°, or (2n + 1) ir ~ 30°. 
60 
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Another series of angles will satisfy equation (2), 
vi*. - 330°, i.e. ~ 2 «• + 80°, and in general - 2 nx + 80°, (Art. 68.) 

and - 210°, i.e, - t - 80°, and in general -(2n -»■ !)«• - 30°, (Art 68.) 
n being a positive integer. 

Another statement combines the results of n. thus, 
^ = 2fi«'-|-30°, 
or ^ = (2n + l)«'-30°, 

n being any integer, positive or negative, or zero. 

Example 8. What positive angles satisfy the equation 
V2cosd = cotd? 



Substitute 


0016 = ^1 
sintf 


Then 


v^cos^ ^«^ = 0, 
Bine 




-"'(^^-sii.)=*- 




.-. cos^ = 0, 




sin^ = -i-. 
V2 



(1) 

(2) 
From (1) ^ = ^ or ^, 2t+|, 3'' + |» ^^ ^ general nv ^^'' 

From (2) ^ = 2 nir +^ or (2 n + 1) «• - ^" 
4 4 

n being a positive integer or zero. 

EXAMPLB8. XVI. 
Find all positive angles not greater than 360° satisfying the equations : 
1 sind = — . ®' 2co8^ = y'3cotd. 

V2 10. tand = 3cotd. 

8. 4sin^ = csctf. H. tan^ + cot^ = 2. 

8. 2cosd = secd. 12. 2 sin^ ^ -|- y^ cos ^ = 2. 

4. 4sin^-3csc* = 0. 18. 2 cos* ^ -I- y^ sin ^ = 2. 

6. 4cosd-3sec^ = 0. 14. 3 tan^ ^ - 4 sin^ ^ = 1. 

6. 3tan^ = cot^. 15. 2 8in2^ + V28ind = 2. 

7. 3sind-2co82^ = 0. 16. cos^^- V8co8^4- f = 0. 

8. V2sin^ = tan^. 17. cos^ ^ -»- 2 sin^ ^ - J sin ^ = 0. 

Find all angles, either positive or negative, whose magnitude is not greater 
than 360°, which satisfy the following equations : 

18. 6tan2d- 8602^ = 11. 18. 515ll?51llil + tan ^ = 0. 

2 

Find all angles that satisfy the following equations : 

80. Un30 = l. 21. \/3sm9 + 2coi^9 = 2. 88. 2sm9cos0 = l. 



CHAPTER X 
ON THE TBIGONOMBTBICAL RATIOS OF TWO OB MORE ANGLES 
7& We will now establish the following fundamental f ormnlsB : 

co8(4 + ^=co8>f • co80~tin4 'Sinff 
sin (4 — B)= Bin A 'CmB — cosM > sinB 
co8(4 — 0)= C08>r • CO80 + cin^ • sinff 



(i.). 



Here A and B are angles; so that {A + B) and (J. ~ B) are also 
angles. 

Hence, sin (A-^-B) is the sine of an angle, and must not be con- 
founded with sin A + sin B, 

Sin (A + B) is a single fraction. 

Sin ^ 4- sin B is the sum of two fractions. 

The student should notice that the words of the two proofs of 
Arts. 76, 77 are very nearly the same. 

76. To prove thxa 
andthat cob(M +B)=scobM .cosff — 8in4 • slnB. 




Fio. 46. 



RATIOS OF TWO OR MORE ANGLES 



5& 



Let XOE be the angle A, and EOF the angle B, then XOF is 
the angle (A + B). 

In OF, the line which is one of the sides of the cmgle {A + B), 
take any point P, and from P draw PJf and PN at right angles to 
OX and OE respectively. Draw NH and NK at right angles to 
MP and OX respectively. Then the angle 

HPN = 90^ - PNH = HNO = XOE = A} 

Now An{A + B)^^mXOF:=.MP^MS±ME=M+SP 



KN ON HP NP 
on' OP'^ NP OP 



^ KN'ON HP'NP 
ON'OP NP'OP' 

= sin XOE ' cos EOF + cos HPN • sin EOF 

= sin^ • cosB + cos^ • sin JB. 

OM OK-MK 



Also, cos(u4h-5)=cosXOJP'= 
OK ON HN'NP 



OP OP OP 

OK ON HN NP 



OK HN 
OP 



ON' OP NP'OP ON OP NP OP 
= cos XOE . cobEOF- sinHPN' siaEOF 
= cos-4-cosB — sin^l* sinJB. 



77. To prove that 



and that 



8in(4 — /r)=8in4 cobB — cosM - sinff, 
C08(4 — B)= cobM • CO80 + sin^ • sin B. 



/ 


/ 


> 


H 
P 


^F 


k- 


^ 


.•^"^ 






i>r 




K 


M 


X 



Fie. 47. 

1 Or thus. On OP as diameter, describe a circle. This will pass through 
Jf and JV; because the angles OUP and ONP are right angles ; therefore MPN 
and if OiV are angles in the same segment ; so that the angle MPN—MON^A, 
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Let XOE be the angle Ay and FOE the angle B. Then in the 
figure, XOF is the angle (A - B). 

In OFf the line which hounds the compound angle (A — B), take 
any point P, and from P draw PM, PN at right angles to OX and 
OE respectively. Draw NH, NK at right angles to MP and OX 
respectively. Then the angle 



NPH=^^''''HNPz:^HNE=XOE = A,^ 

Now sin(^-B)=sinX02^=^=^^^=f|-g| 
^ ^ OP OP OP OP 

KN'ON PH'NP KN ON PH NP 



ON OP NP'OP ON OP NP OP 
= sin XOE . cos FOE - cos HPN> siaFOE 
=ssin^ •cosJB — cos^* sinB. 

Also, cos(A^B)^oobXOF=^^Q^±^^^^+M 

^ OK' ON NH' NP ^ OK ON NH NP 
ON' OP NP' OP on' op NP' op 

s= cos XOE . cos FOE + siaHPN' BinFOE 

=: cos 2I • cos B + sin^ • sin JB. 

Example. Find the value of sin 75^ 
Bin76°=:sin(46*»4-80*») 

= sm46<' . cosSO^ + coa4&* • oinaO'' 

2V2 4 



EXAMPLES. XVn. 

1. Show that COS 76° = ^5^^^. 8. Show that cos IS** = ^^^il. 

2^2 2V2 

8. Showtliat8inl5°=^^^l^. 4. Show that tan 75*» = 2 + v^. 

2V2 

^ Or thus. On OP as diameter, describe a circle. This will pass through 
M and iV; because the angles OMP and ONP are right angles ; therefore the 
angles MPN and MON together make up two right angles, so that the angle 
SPN=MON=A. 
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6. If 8mA=^^ and BinB = |, find a value for sin(^+B) and for 
COB (A - B), 

6. If sin >1 = .6 and sin B = ^^, find a value for sin {A + B) and for 

cos (-4 4- -B). 

1 1 

7. When sin -4 = -^ and sin B = — ^, then one value of (A-^- B) \a ib°. 

y/b ViO 

8. Prove that sin 76° = .0669.... 

9. Prove that sin lb"" = .2688 .... 

10. Prove that tan lb"" = .2679 .... 

11. Calculate sin W and cos 90°, using the ratios of 46°. 

* 78. The proofs given in Arts. 76 and 77 are really, at least so 
far as the figures are concerned, rigorous only in case (-4 + 5)< 90% 
and hence A and B are each less than 90^. By a careful regard as 
to sign of angles and lines, however, the wording will hold for 
angles of any magnitude. The student may satisfy himself that 
this is true by constructing suitable figures. The accompanying 
figure will serve in case A + Bk 180** and ^ < 90% 5 > 90^ 




Fig. 48. 



* 79. In order, however, to remove the restrictions as to magnitude, 
placed on A and Bj we shall pursue the following course : 

Suppose 180** > ^ > 90° and B < 90°. 

Put u4 = 90° + ^'; then A' < 90°. 

sin (-4 + ^ = sin (90° -f ^' + J5) = sin [90° 4- (-4' + B)\ (Art. 64.) 

sin [90° + {A' -f By\ = cos {A' + B). (Art. 62.) 

A^ and B are each less than 90°. We may therefore write, 

cos {A^ 4- jB) = cos A^ cos -B — sin ^' sin B ; (Art. 76.) 

or cos (-4-90° + 5) 

= cos {A - 90°) cos B-sm{A- 90°) sin B\ 
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Bince cos (-4 - 90** + B)= cos [90** -(A + B)'} (Art 58 Cor.) 

= sm(^4--B); (Art 61.) 

and since sin (A - 90**) = - sin (90** - A) (Art. 68.) 

= — cos -4, (Art. 61.) 

we may write, 

sin (J. 4- i5) = sin -4 cos B + cos -4 sin B. 

By a repetition of this process A may become an angle of any 
quadrant, and it is evident the reasoning and wording remain just 
as above; so that the magnUude of A is unrestricted, 

.-. sin(2l4-5)=sin-4cosBH-cos-4sinB, (L) 

whatever be the magnitude of A^ provided B < 90®. 

There remains yet to inquire what happens if A and B are both 
greater than 90**. 

Suppose 180** > B > 90**. 

Put 5=90** H-JB'; then-B'<90**; 

sin (^ + -S)= sin (90** + ^ + B')= cos (A + jB'). 

We can now apply (i.), whence 

sin (J. -f B)= cos -4 cos B^ — sin A sin B' 
= cos J. sin JB + sin ^ cos B. 

Equation (1) is therefore true if -B > 90** but < 180**. As before 
we need only repeat the process in order to remove all restrictions 
as to the magnitude of B. Hence we conclude that whatever the 
values of A and By 

sin (A + B) = sin AcoaB + sinB cos A, 

By a similar process, the three kindred formulsB may be shown to 
be true for all angles. 

Note. See Nixon's Elementary Trigonometry ^ Sec. 18. 
For an elegant proof of this theorem by tiie method of projections, see 
Hobson*s Plane Trigonometry , Sec. 40. 

80. It is important that the student should become thoroughly 
familiar with the formulae of Art. 75, and that he should be able 
to work examples involving their use. 
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EXAMPLES. XVIU. 
Froye the f ollowiBg statements : 

L 8in(^ + B) + siii(^-B)=2 8mu4-co8B. 
8. sin (^ + B) - sin (ji - £)= 2 cos ji • sin B. 
8. cos(u4 + B)+co8(-4-B) = 2cos-4.cosB. 

4. cos(u4-B)-cos(il + B)=2sin^.BinB. 

5. Bin(^ + B) + 8in(^-l?) ^^^ 
COS(ji + ^)+ cos(^- B) 

e. tana + tan/3 = «^°(" + P) . 18. !*5f±£2ii=:cos((?-0).sec((?+0> 

"^ cosa.cos/3 cot0-tan^ ^ ^ ^ ^^ 

7. tana- tan /3 = "'^('-^>. 14. cot g -f cot ^ _, sin (<? -f ») . 

cos a • cos /3 cot — cot ^ sin (9 — 0) 

8. cota + tan/3 = ^^('-^?. 15. tan<?. cot0 -f 1 ^Bin(tf + »). 

sin a • cos p tan • cot ^ — 1 sin ($ — </>) 

Sin a • COS 3 cot Y — tan 9 

10. tana + cot^ = 52«i5^. 17. ^ " <^^ ^ ' ^/ = tan (7 - 0- 

cosa.sm3 cot74-tana 

jj taDg + tan0 _ 8in(g-f ») jg^ !5ILL:JE2iizLl = tan (7 - «). 

tantf — tan0 sin(^ — 0) ' tan7 + cotd 

^ tan<?.tan» + l ^ cosC<^-0) j^ tan7 - cot3 + 1 ^^ . j. 

1-tan^.tan^ cos(d4-0) cot«-tan7 ^ ^' 

80. cota-cot7 tan(7^a). 
cot7.cot« + l 

81. tan««-tan«/l=«^(«-^f)'«M«-g). 

cos' a • cos^ fi 

88. cot^«-tan«^ = ^^(<'tf "^'/"'^^ - 
sin'a-cos'jS 

33 tan«a-tanM = tan (a + jS) . tan (a - /I). 
l-tan^a-tanaiB ^ ^ ^ ^ 

84. sin (a + iS) ' sin (a — iS) = sin* a — sin* fi = coe^/S — cos'a. 

86. cos (o + i3) • cos (a — j8) = cofi^ a — sin* iS = cos* iS - sin* a. 

86. sin(^-460)=:«^^-^^^< 

87. V2.sin(-4 + 46°) =sinj4 + C08-4. 

88. cos^--sin^ = V2.co8(^4-46*»). 

89. cos (^ + 46*») + sin (A - 46°) = 0. 

80. cos (^ - 46°) = sin (^ + 46°). 

81. sin (9 + 0) • costf — cos (tf 4- 0) ' sin tf = sin 0. 
88. sin (9 — 0) • cos + cos (tf — 0) • sin = sin tf. 
88. coB(0 + 0)*cos0 + sin(0 + 0)*sintf = COB0. 
U, tan(^-»)-ftan» ^^^ 

1 — tan (tf — 0) • tan 
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H-tan(tf + 0).tantf 
S6. 28iii ^o + jV COS ^3 -|^ = COB (o - /3) + Bin (« + /B). 

87. 2 sin ( J - « y C06 ( J + 3 W COB (« - i3) - Bin (a + 3> 
S8. coB(o + /J) + 8in(o-/3) = 28ln^| + «yco8^| + i3y 

88. COB (o + i3)- Bin (o - i3) = 2 Bin^ J- ttV cos ^^ - isV 

40. Bin fi^ • COB >1 + cos fi^ • Bin ji = sin (it + 1) -^ 

41. COB (n — 1) >1 • cos ^ — sin (n — 1) ji • sin jI = COB nA. 
48. sin 11^ • cos (it - 1) ^ — cos lui • sin (n » 1) ji = sin A. 

48. coB(n-l)ji.coB(n+lM-8in(»-l)ji.Bin(M4-lM=coB2fiA. 
44. (cos ji + sin ^)(co8 B + sin J?) = cob (ji - £)+ sin (^ + B). 



8L The following formulsB are important: 

(ii.) 



tan(^ + B) = ,^/ + ^^ : 
^ ^ 1-tan^.tanJB' 



tan(4-^ = :*^^-**^^ 



l+tanu4*tanB 

The proof of the first is given below. The student may prove 

the second in a similar manner. Or, since these formulsB are true 

for all values of A and B, we may substitute —B, for B; the formula 

V 2. / A r^ tan^ + tan(-B) tan^l — tanB 

now becomes tan (A—B) = q — 7 j-l — ^7 — wv = h . ^ tt. — b- 

"^ ^ 1 — tan-4tan(--JB) l + tan-4tanB 

ExAMPLB. To prove tan (^ + J?) = tan>i-f tMiJ? 

1 — tan^-tanJ? 

(i) By using the results of Arts. 76, 77, we have 

tan C^ + B'i = ^^^ ^^ "^ ^^ = 8^^ i4 « cos B -f COB ^ « sin J? 
cos (^ + -B) cos ^ • cos J? — sin ii • sin B 

Divide the numerator and the denominator of this fraction each by 
cos ^ • cos By and we get 

sin A » cos B . cos ^ » sin B 
r A . px _ cos ^ « cos ^ cos .^ ■ cos Jg _ tan A + tan B 
tan {A + -^>^- co8^ . cos^ sin ^ . sin B " 1 - tan ^ • tan B' ^•"'^* 
cos A • cos B cos ^ • cos B 



EXAMPLES. XIX. 
1. If tanil=J and tanB= J, prove that tan(u4+J5)=^, andtan(^-B)=|. 
8. If tanu4 = 1 and tanB =-i-, prove that tan (^ + B) = 2 + V3. 
8. Prove that tan 15® = 2 - V3. 
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What is 



4. If tan ji = f and tan B = ^» prove that tan (^ + J?) = 1 
(^ + B) in this case ? 

6. If tan ^ = n» and tan J? = ^, prove that tan (^ + B) = ao. What ia 
(^ + J5) in this case ? ^ 



Prove the following statements : 

cot-4.cotB— 1 



«. cot(ji4-^)=- 



cot^ -)- cotB 



oot« + l V 4/ 






8. 

18. If tan a = 



n» + l 



and tan fi = 



2111 + 1 



, prove that tan (a + /3) = 1. 



18. tan(n + l)»-tann» -tantfr 
1 + tan (n + 1)0 • tan n0 

14. tan(n + l)0 + tan(l^n)0 -tanStfr. 
1 -tan(in- l)0.tan(l-fi)0 

16. If tan a = n» and tan 3 = n, prove that 



C0S(tt + /3) = 



1 —win 



V(l + «ia)(l + fi«) 
le. If tana = (a + l) andtan/3=(a~l), then 2 cot (a- /3) = a*. 

17. na + /J + 7 = W», thentan7 = i^^-^55iiJ^Ei. 

tana + tan/3 



82. From Art. 76 we have 

sin (^ + ^ = sin ^ • cos B + cos ^ • sin JB; 
sin (-4 — ^ = sin -4 • cos B — cos -4 • sin B; 
cos (A + E)=i cos A • cos B — sin -4 • sin JB; 
cos (u4 ~ ^ = cos^ • cos B + sin ^ • sin JB. 

From these by addition and subtraction we get 

sin (^ + -B) + sin (u4 — -B) = 2 sin-4 . cosB; 
sin (A + B) — Bm(A^E) = 2 oosA • sinB; 
cos (-4 4- ^ + cos (^ — B) = 2 cos^ • cosB; 
cos (-4 — ^ — cos (-4 + -B) = 2 sin-4 • sin JB. 

Now put 8 for (A + JB), and put Tfor (A — B): 
Then S -^ T=2A,mdS- r = 2B, 



(i.) 



(ii.) 



so that 



i_g + r 



andB = 



S-T 
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Hence the aboye resvQts may be written 

sin 5 + Bin r = 2 sin ^-ii^ . cos ^^=-?^; 

sin 5 - sin r = 2 COS ^i-^ . sin ^^-?1 

C08/8 + COS r=s 2co8^-^ . cos "^ 

z z 

2 2 



(iii) 



83u The formulsB (iii.) are most important, and the student is 
recommended to get thoroughly familiar with them in loorcfo, as 
follows : 

(1) ThA sum of the sines of two angles equals twice the sine of half 
their sum multiplied by the cosine of Jialf tJieir difference. 

(2) Hie difference of the sines of two angles equals twice the cosine 
of half their sum multiplied by the sine of half their different, 

(3) TJie sum of the cosines of two angles equals twice the cosine of 
half their sum multiplied by the cosine of half their difference. 

(4) The difference of the cosines^ of two angles equals twice the sine 
of half their sum multiplied by the sine of half their difference. 

84. It will be convenient to refer to the formulae (i.) as the ^ Ay 
B^ formula, and to the formulae (iii.) as the ^S, T^ formulae. 



Prove the following statements : 



sin 60*» + sin 8(y> = 2 sin 46« . cos lb"". 
sin 00"" + sin 20° = 2 sin 40'' ' cos 20°. 
sin 40° - sin 10° = 2 cos 26° • sin 15°. 

cos ^ + cos - = 2 cos — . cos — • 
3 2 12 12 



cos ~ — cos - = 
3 2 



Isin^.sinJL. 



sin 3 ^ + sin 6 ^ = 2 sin 4 A • COS A 
sin 7 ^ — sin 6 ^ = 2 cos 6 ^ • sin ^. 
cos bA 4- cos J. = 2 cos 7 ^ • cos 2 ii. 



1 If jI and B are each less than 00°, then 8^ which is their «ttm, is greater 
than r, their difference. Therefore if j9 be less than 00°, cos i9 is less than 
cos T ; so that cos T — cos /S' is positive. 

3 The difference of the cosines of two angles is the cosine of the smaller 
angle — the cosine of the greater angle. 
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9. co86ji-cos4ji = -2sin^.sin^. 

2 2 

10. cos ^- COB 2^ = 2 sin^. sin ^. 

2 

jj 5HLM±il5i = tan— • 
cos0 + cos2^ 2 



18. 



Bm2e - ain e _ ^^^B$ 



j3 fAnSMjEL^i^ootl 
cos20-cos3a 2 

- - sin a -f sin _ cos + cob ^ 
cos 9 — CO80 ~ sin — sin tf 



cos9 — cos2 9 2 

15. cos (60^ + ^)+ cos (60®- -4)= cos A 

16. cos (45** 4- -4) 4- cos (46°- -4) = V2. cos A 

17. sin(45° + -4)-sin (45°-^) = V2.sinA 

18. cos(30*»->4)-cos(30° + il)=sinA 

j3 sintf-sin>^^^^g4i». 
COS0— cos9 2 

j^ sin(^-sin0^^^j6ML»y^/JL^y 
sintf+sm0 \ 2 / \ 2 / 

8S. It is important that the student should be thoroughly 
familiar with the second set of formulae on Art. 82. 

Written as follows, they may be regarded as the inverse of the 
'S, T' formulae. 

2 siaA . cosB = sin (u4 + B)+ sin(A - B); 

2 cos -4 • sin JB = sin (-4 + S)— sin (^ — -B) ; /^^\ 

2qo8A'CosB= cos (A-^ B)+ cos (^ — 5) ; 

2 sin -4 • sin B = cos(-4 — B)— cos(A -f- B). . 



BXAMPLBS. XXI. 

Express as the snm or as the difference of two trigonometrical ratios the ten 
following expressions : 



1. 2sintf«coB0. 

8. 2 cos a* cos ^. 

8. 2sin2a*cos8^. 

4. 2cos(a + /3).co8(a — /9). 
6. 2 sin 3e* cos 59. 



6. 2cos^.cos^ 

2 2 

7. sin4a«sin9. 

8. cos 2^- sin i^- 

2 2 

9. 2cosl0<'.sin50^ 
10. cos 45'' 'Sin 15°. 



11. Simplify 2 cos2tf* cos — 2 sin 40 -sine. 

12. Simplify sin^. cos- -sin^. cos ?i. 

2 2 2 2 

18. Simplifysin30 + sin20 + 2sin^*cos^ 

2 2 

14. Provethatsin?l?.sin?4-sin^.sin?j? = sin20.sin0. 
4 4 4 4 
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*86. Since A and B are any angles, we may substitute for A^ 
a + p, and for B, y ; then 

sin (-4 + B) = sin(a + ^ + y) 

= sin (« + ^) cos y + C08(a + /3)siny 
= (sinacos/3 + co8asin/3)co8y 
4- (cos acos P — sin asin^) siny. 
.'. sin(a + /3 + y) = 8inacos^cosy + sin/3cosacosy 

+ cos a cos ^ sin y — sin a sin )3 sin y. (1) 

It is evident that these f ormulse may be extended in this way to 
include any number of angles that we choose. 

BZAMPLBS. •g'^TT 
Find the expressions similar to (1) for 

1. cos (a + /J + 7). 3. cos (a + /J -7). 

8. Bin(o + /J-7). 4. sin(«±/J±7). 

*87. The formulsB of Arts. 86 and 75 are called the addition 
f ormulsB of the Trigonometric functions. 



CHAPTER XI 

ON THE TRIGONOMETRICAL RATIOS OF MULTIPLE ANGLES 
AND SUBMULTIPLB ANGLES 

88l To express the trigonometrical ratios of the angle 2 4 in terms 
of those of the angle A, 

Since sin {A + B)= sin-4 • cos JB + cos -4 • sinB; 

.-. sin (-4-1- -4)= sin ^ . cos J. 4- cos -4 • sin -4; 

.-. sin24 = 2sin4-cos4. (1) 

Also, since C08(-4 + B)= cos -4- cos B — sin ^ • sin B; 

.-. cos {A 4- -4)= cos -4 • cos -4 — sin J. • sin -4; 

.-. cos 2 4 = cosM - sinM. (2) 

But 1 = cos' A 4- sin' A ; 

.-. 1+ cos 2 -4 = 2 cos' -4, 

and 1 — cos2^ = 2 sin' A 

The last two results are usually written 

co824 = 2co8'4-l, (3) 

and cos 2 4 = 1 - 2 sin' 4. (4) 

Again, tan MH-B)= ^^-^^^ ; 
^ ' ^ ^^ 1-tan^.tanB' 

4.« /A i A\ tan^-ftan-4 

.-. tan (^ + -4)=- ^ r; 

^ ^ l-tan-4.tan^' 



J 
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88. These five formulae are veiy important, 
8in2if =:28inif coai ; 

C08 2if = C08'if-8ill>if; 
C082if =:2co8'if — 1; 
C08 2if = l-28iii*if; 

2tAllif 



tAll2if = 



l-t«n*il 



90. The following result is important, 
8in2if 2 8in^*cos^ 



1 + C082if 



2cosM 



= tAnif. 



(1) 
(2) 
(3) 
(4) 

(5) 



(V.) 



91. SuBMULTiPLE Akolbs. In formulae (v.) the angle A is any 

angle. Hence we may write -4 = ^• 

The formulae (v.) now become 

8ina = 2 8in^-C08^; 
2 2 

cosa = cos'^ — 8in* \ ; 



C08a=2c08'- — 1 : 
2 

C08a=l— 28in'|; 



tana: 



Stan- 
2 

l_tan*» 
2 



* 92. An examination of formulae (v.) shows that if sin ^ or cos ^ 
be given, cos 2 -4 is uniquely determined. The converse is not true ; 
t.6. if cos 2 ^ is given, sin A and cos A have a sign ambiguity. 



We have 



Similarly, 



co8'^ = 52^M±l. 



— C08 2if 



tan if 



-nIt 



co8 2>r 
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If sin 2 Abe given, we have 

sin 2^ + 1 = 2sin^cos-4 -h cos'4 + sin* A 
Since sin* A •+• cos* -4 = 1, 



.-. ±V8in2if + l=cos^4•sinJ.. 
Simila^ly, ± VI — sin 2 .4 = sin ^ — cos -4, 



whence 28inif = ± V8in2if + 1 ± VI —sin 2 if. 

This presents a fourfold sign ambiguity. 

Similar remarks apply with equal force to the submultiple angles. 

BXAMPIiBS. XXIII. 
Prove the following identities : 

1. 2c8c2ui = 8ec4*C8C^. gjn^ ^ 

2. °<^^ =gec2A "■ r^^^5ii = *^*2' 
coaec^A-2 l-oos/J iS 

^^ 10 l + sec/8 ^ -/8 

4. cosau4(l-tanM)=cos2A "* ^ecT"" 2* 

6. cot2^ = ?21^A=i. 90. coBeci8-coti8 = tanf. 

2 cot 4 2 

g 2tan^ _,:^n« 31. ^^^ ^l-tanx 

l + tana^"" l+sin2x 1 + tanx 

7. tanB + cot5 = 2coBeo2B. l + tan- 

2 
9. cot5-tanjB = 2cot2JB. ^ 

10. c^4±l = sec25. 33 cobx _ ^^^2-^ 



11. ^sin| + cos|y=l + 8ine. 

12. f8in^-co8n'=l-8ine. W. -???^ 
V 2 2/ 1— 8mx 

13. co8»?fl + tanfV=l + Bin^. i _. . . ^ 

2V 2/ 25. I + Binx + cosx 

14. sina|^cot|-iy=l-8in 



cot? + 1 



cot5-l 



— 3——^ = cot^. 

3 l + sinx — coax 2 



16. 




23 cos' g 4- sin' a _ 2 — 8in2 a 

' cos a + sin a "" 2 
2y C08»a--8in«a _ 2 + sin2a 

cos a — sin a 2 

88. cos^a — sin^a = C082 a. 



"• 1^0 = "^^ »• c<«.a + ain». = l±l^^ 
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4 ain/S ooe/B 

» S^ + ^ = aoot2il ' ^JL CO.JL ^* 

8in/8 cos/S 12 12 

8iii2/3 ^ '^ =2tan2-4. 

S7. taii(46''-^)+cot(46''-ui)s=28ec2^ 

tan?(ttl+^)-l^ 
"• tann46o + ^)+l"'^^^ 

33 Bec^ + tan^ ^^/^o^^y eot(i6<>--:^V 
aec^-tan^ \ 2) \ 2j 

41. tan-Prr gin^ + «in2-g 48. tan B = — 2^1^Lz«2JL-. 

1 + COBB + C082B 1-c(miB + 0082jB 

93. The following two f onnulsB should be remembered : 
•in Si ^sSsin 4-48111*4 ;| 
C08Sil=4C(MI*il-SC08 A.) ^^'^ 

NoTB. The Bimilaiity of these two results is likely to cause confusion. 
This may be avoided by observing that the second formula must be trae when 
A = QP; and then C0B3ii = cos 0^ = 1. In which case the formula gives 
cosO^ = 4 cosO® - 8 cosO®, or 1 = 4 - 8, which is true. 

The fiiBt formula may be proved thus : 

sinS^ = shi (2ii + ^)= shi2^ • cos^ + cos2^ • sin^ 
= (2 sinui • cos^) cos^ +(1 - 2 sin^^i) sin^i 
= 2 sin ^ - cos* ^ + sin ui - 2 shi* A 
= 2Binui(l - sin*^)+ Bin^ - 2sm*^ 
= 2sin^-2s!n*^ + sin^-28in*ui 
= 3sin^-48in*^. 
The second formula may be proved in a similar manner. 

Example. Prove that 

^3^^3tani-tanM, 
l-8tan*il 

tan8^=tan(2^ + ^)= tan2^H-tan^ 
^ ^ l-tan2^.tan^ 

2t«^^: + tan^ 



1-tan*^ 2tan^-ftan^-tan*^ 

'l-_Ji*B^.tan-4~ l-tan*-4-2tana^ 
l-tan«^' 

. 8tanui-tan«^ 
l-3tan«-4 
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BXAMPLBS. ZXIV. 

FroTe the following statements: 



TIVO BOOKS FOR THE SEASIDE, THE YACHT 

AND THE OCEAN VOYAGER - 1. 

THE PORT OF MISSING SHIPS 

and Other Stories of the Sea 

BY 

JOHN R. SPEARS 



CLOTH. 16MO. PRICE, S1.25. 



"They are not only very graphically told, but disclose an imag* 
inative element which lends such stories an unusual quality of interest. 
The tale which gives its title to this volume is an exceptionally strong 
piece of work from the imaginative side, very finely conceived and 
very well executed." — l^he Outlook. 

It seems to us that any collection of best short sea stories must 
contain John R. Spears' "The Port of Missing Ships," for it is one 
of the sweetest and quaintest bits of fiction writing that has appeared 
for many a day. Clark Russell never did anything so good. It musi 
stand out as the best thing Mr. Spears has written to date. 



ON MANY SEAS 

The Life and Exploits of a Yankee Sailor 

BY 

FREDERICK BENTON WILLIAMS 

EDITED BY HIS FRIEND 

WILLIAM STONE BOOTH 



12MO. C LOTH . SI. 50. 

"Every line of this hits the mark, and to anyone who knows the 
forcastle and its types the picture appeals with the urgency of old 
familiar things. All through his four hundred and more pages he is 
equally unaffected and forcible, equally picturesque. To go through 
one chapter is to pass with lively anticipation to the next. His bool; 
is destined to be remembered." — New York Tribune. 

* ' This is a notable book ; a realistic record of cruel, bitter priva- 
tions, hardships and suffering, and of a man's brutality to man. There 
is no monotony or repetition in the incidents the author describes, 
and he makes little use of those technical phrases which ordinarily 
render the reading of sea-tales so wearisome to the landsman, yet no 
more powerful delineation of the terrors of the ocean was ever writ- 
ten Lhan his story of the two months struggle of a little brig againsi 
gales off Cape Horn." 



S 



CHAPTER XII 

INVERSE TRIGONOMETRIC FUNCTIONS 

94. From the equation y = sin ^, we know that ^ is an angle 
whose sine is y. The last statement is expressed by the notation 
^ = sin~^. 

Hence sin^y is an angle. 

8in~y is sometimes read, *^ an angle whose sine is y/' sometimes 
"arc-sine y," but more frequently "anti-sine y." But it must be 
remembered that it means "an angle whose sine is y." 

C08~y means ** an angle whose cosine is y.*' 
tan-y means '* an angle whose tangent is y/' 
C8C~y means *' an angle whose cosecant is y.*' 
8ec~y means " an angle whose secant is y.** 
cot~y means ** an angle whose cotangent is y." 

These are read *< anti-cosine y,** ** anti-tangent y," ** anti-cosecant y,'* 
*< anti-secant y,** ** anti-cotangent y,** respectiyely. 

Example. 30« = sin-il ; 46** = sin-i-L. 

95b The expressions sin"^, oos"^? etc., are called the Inverse 
Trigonorrietric JFkinctions or Inverse Circular Functions. 

96. In Art. 58 we showed that an infinite number of angles, differ- 
ing by 2 ir, have the same ratios. Accordingly an infinite number of 
angles will satisfy an equation of the form ^ = sin~V, = cos~^, 
etc. Accordingly for the sake of definiteness we shall (unless other- 
wise stated) make the following conventions : 

(1) When we are given either of the equations ^ = sin-^y, 
^*= tan"^, ^ = csc"V, ^ = cot"^, we shall understand ^ to be an 
angle, either positive or negative, whose magnitude is not greater 
than 90*. 

(2) When we are given the equations <l> = cos'^y, ^ = sec-^y, we 
shall limit ^ to a positive angle whose magnitude is not greater 
than 180^ 
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With these agreements one value and but one will satisfy any of 
these equations. 

If, however, ^ is given, we can always write a d^nUe equation. 

For example, 226** = sin-i/ — ~\ But if we had given us 

and had known nothing else whatever of 0, by our agreements we would have 
concluded ^ = — 46°. 

ExAXFLB 2. Given ^ = coe-M — i- V 

By our agreements we know that ^ s= 136^ We can now write 

If, on the other hand, we are given 

^ =s 8in-i( — ), we conclude ^ s 46**. 

97. To express the inverse raHos in terms of a given one, 

e,g. if = tan*'^ to express the inverse trigonometrio functions 
in terms of ob. 



a;s=tan0 
i = cottf 

X 

Vl + aJ*=sectf 
1 



vT+V 

X 



-SSCOS0 



flsstan-^as. 
fl = cot-^i. 

X 

6 = sec-^ VT+1?. 
tf = cos-^ ^ 






= sin0; 



} = sm- 






:CSC0; 



^ non-1 VT+^ 
a = CSC * ■ • 



No amMguity of sign exists. 

For if a? is positive, sin 6 is positive •, therefor e VI + ^ is posi- 
tive. If X is negative, sin 6 is negative ; hence VI 4- g* is positive. 
Then by convention cos is positive ; therefore VI 4-a5* is positive. 

ExBBOiSB. If x = cos^, express the inverse trigonometric functions in 
terms of x. 
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90L Latfl^sssinA. 
Then »seoB 



g-')^ 



3 
SumcifB. Show tan'^ss^— eot-^s; 

M. To eoopreu tufo inverm trigcmom/ttric fimdtUmM as a sm^ 

e^. consider sin'^x + sin'^y. 
Put xssin^; .•. -4 = 8in""*aBL 

yssinB; .-. J=Bm-*y; 



.*. sin (^ + J3) ss orv^l — y* + y VI — a?. 



A + Bwm sin-* » + sin-*y = sin-* (a? VlT-j? + y VI — «^. 

ExsKCiss. Ezpfesf tan-i» + tan-^ as a 8iiig}e inTene trigonometric 
lanetUm, 



■ZAMPLBS. XXV. 

t ^Btan-iC}); find COS ^. $. = co6-i(~}) find esc ^. 

S. ^s8in-i(-}) findsec^; findtan^. 

4. as tan-» — SL^, ^ = tan-» — i — ; show that (^ + 0) = ^ 

». sln-i? + cos-i| = -- 7. 2tan-ix = tan-i-^^. 

6 6 2 1 — a;2 



6. sin-iaj + co(riaj = J- 8. sin (2 ain-ix) = 2xVl - jb^. 



> 26 ^26 



10. cos-i X ± 008-1 y = cos-i (ay ± V(l -!e2)(i _ya)) . 

11. tan-H = tan-H + toa"*f l^*- taii-i2 + tan-ii = r 

2 2 
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18. Find value of Bin (sin-i^ + cos"^^) • 

14. 8in-if-Bin-iA = 8^"*H- 

16. If tan-iifcy=:tan-i*»-firto, then y =1 . llLzJ^^Jl^ 

16. Bin(8in-ifl; + 8in-iv'l -««)=!. 

IT. dn->(taol) = aco.-x(-L). 



CHAPTER XIII 

ON THB RELATIONS BETWBBN THE SIDES AND ANGLES OF 
A TRIANGLE 

100. The tlufM tidM and the three angles of any triangle are 

called its six parts. 

By the letters A, B, C we shall indicate 
^eomsCriootty, the three angular points of the triangle ABC; 
otgMbraicatt^, the three angles at those angular points respectively. 




By the letters a, 6, o, we shall indicate the measures of the sides 
BCf CAf ABf opposite the angles A, B^ C, respectively. 

lOL I. We know that 4 + -B+ 0=180*. (Geom.) 

102. Also if ^ be an angle of a triangle, then A may have any 
value between 0** and ISO**. Hence, 

(i.) sin 4 must be positive (and less than 1) ; 

(ii.) cos if may be positive or negative (but must be numerically 
less than 1) ; 

(iii.) tan if may have any value whatever, positive or negative. 

103b Also, if we are given the value of 

(i.) sin if, there are two angles, each less than 180^ which have 
the given positive value for their sine. 
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(ii.) cos 4, or (iii.) tan if, then there is only one value of Ay which 
value can be found from th^ Tables. 

104. :44.:| + ^=90^ Therefore:^ is less than 90% and its 

Trigonometrical Eatios are all positive. Also, -— is known, when 

the value of any one of its ratios is given. Similar remarks of 
course apply to tiie angles B and 0. 

ExAMPLB 1. Toprovt sin (^ + ^) = sin C 

u4 + JB+C=180*>; .-. ^ + 5 = 180*>-C, 
and .'. sin (u4 + 5) = sin (180° - C) = sin C. (Art. 59.) 

ExAXFLB 2. To prove sin "^ = cos-^- 
2 2 

Now ii±£±^=90«; ...:d±J=90*>-^, 

2 2 2 

and .-. Bin'^-±-^ = sin f 90° - ^^ = cos ^- (Art 61.) 

2 \ 2/ 2 



BXAMPLBS. ZXVI. 

Find A from each of the six following equations, A being an angle of a 
triangle: 

1. cos^ = |. 8. cos^=— |. S. sinui = |. 

4. tanui = -l. 5. \^sinui = l. 6. tan^ = -v^. 

Prove the following statements, A, B, C being the angles of a triangle: 
7. sm (^ + 5 + C) = 0. 8. cos (-4 + JB + C) =- 1. 

9. sinJ(u4+5+C) = l. 10. cos} (^ + -B+ C') =0. 

11. tan (^ + 5)=- tan C. 12. cotf (B+ C) = tan}-4. 

18. cos(u4 + JB)=-cosa 14. cos(-4 + JB- C) =-cos2(7. 

15. tanul — cotjB=cos C'Sec^ . cscB. 

^g sinuJ-sin^ ^^^C ^ ^-g ^^ HhiSB-EhiBC^^SA 
sinui + sin^ 2 2 cos3C-cos3B 2 

105. II. To prove a = 6 cos C+ c cos B. 

From A, any one of the angular points, draw AD perpendicular 
to BC, or to BO produced if necessary. 
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There will be three cases. Fig. L when both B and C are acute 
angles ; Fig. ii. when one of them (B) is obtuse ; Fig. iiL when one 
of them (B) is a right angle. Then, 

A A 





Fio. 60. 




CD 



Fig. L ^ = cos ACD] or, CD » 5co8 (7, 



and 



DB 

-—= cos ABD; or^DBsccosjB; 

An 

.-. a=CD + 2>B=6cosO+ccosA 

CD 



Fig. ii ^=scos^02>; or, CD = 6cosC, 
CM 

:55:= cos ABD; or, J52> = c cos (180* - J3), 

.\ a^ CD ^BD^h COS C'-c cos (180* - B) 
s=6cos(7 + ccosB. 
Fig. iii. a= (7B = 6 cos O 

=a 6 cos (7 + ccosB. [For, cosB = cos 90* = 0.] 
Similarly it may be proved that, 

6=:ccos-4 + acosC; c^acosB-k-boosA. 

106. in. To prove tJuxt, in any triangle, the sides are prqportiondl 
to the sines of the angles opposite; or. To prove tha/t 

g _ 6 _ c 
sin A sin B sin C7 

From A, any one of the angular points, draw AD perpendicular 
to BCf or to BC produced if necessary. Then, 

I. Fig.60. AD=2bsmC', f or, ^^ = sin C [Def .] ; 

AO 
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or. 



DA 
also .^lD = csinJB; for, ---- = sin J5. 
AB 

.'. &sin(7=:csin jB; 

h c 



sin J3 sin (7 

IL Fig. 50. AD = 6 sin 0, 

and AD = c sin ABD = c sin (180*" — B). 

.-. -4Z> = csinJ5; 

.-. 6sinC=s=csinJ5; 

6 ^ c 
sin B sin C 

III. Fig. 50. AB = AC • sin (7; or, c = 6 sin 0; 

c 6 



or, 



sin (7 sin B 
Similarly it may be proved that 

a b 



[For sinB=sin90**=l.] 



sin J. 
a 



sinB' 
b 



sin A sin B sin (7 



Q.E.D. 



107. IV. Toprovethat a« = 6* + c"-2&ccos-4. 

Take one of the angles A Then of the other two, one mnst be 
acute. Let B be an acute angle. From C draw CF perpendicular 
to BA, or to BA produced if necessary. 

C C C 






There will be three figures according as J. is less, greater than, 
or equal to a right angle. Then, 
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I. rig.51. B(P=CA^ + AJB^-2'BA>FA', (Geom.) 
or, a* = y + c" - 2 c . J14 

= 6* + c" — 2 c6 cos A (For FA^b-oosA) 

II. Fig. 51. B(?^0A* + AS^-h2'BA.AF', (Geom.) 
or, a" = 6* + c" + 2 c6 cos J14C 

= 6« + c»-26ccosA (For 2?!iiC=180**-A) 

III. Fig. 61. BC* ^CA'-^Aff', (Geom.) 
or, a»=&» + c*-2 6ccos-4. (For cos-4=:cos90*==0.) 

Similarly it may be proved that 

y = c* + a" — 2 ca cos -B, 
andthat c* = a«+ &"-2a6co8 G 

lOA y. Hence, 

^ 4«4.|j8-flt |j2.flS_42 fl«^.4«_|j8 

COS if = 5LX±- — ^ cosi?=^:-^i^^ ^, cos g = " ^'^ ^ '^ > 

*li09. The formulae of Art. 108 may be obtained directly from 
those of Art 105. 

a = 6cos (7+ccos JB. (1) 

& = c cos -4 + a cos C. (2) 

c = a cos 5 + 6 cos A, (3) 

Multiplying (1), (2), (3) by a, 6, c respectively and adding, we 
obtain 
a* + 6*4-c* = 2a(&cos(7+ccos5)-f2 6ccos^ = 2a*-h2 6ccosA 

,'. cos-a = — ~-- • 

2bc 

EzBRCiSB I. Find the two corresponding expressions, viz., for cosB and 
cos C. 

ExBROisB n. If a = 6, 6 = 6, c = 7, find cos A. 

110. YI. Let 8 stand for half the sum of a,!), Cy so that 
(a4-&4-c)=2a. 

Then, (6 4- c - a)=(6 + c -h a- 2a) = (2« - 2a)=2(a - a), 
and (c 4- a - 6) = (c -h a 4- ft - 2 6) = (2 a - 2 6) = 2 (s - 6), 

and (a + 6 - c)=(a + 6 4- c - 2 c)=z(28'^ 2 c)=:^2 (a - c). 
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111. VII. To prove that 

where 5 stands for half the sum of the sides a, b, c. 
Now, since 

cos^ = ^'"^J^""^' and 1 - cos ^ = 2 sin»:|v (Art. 88.) 

.-. 2 sin'^= 1 — cos -4 = 1 — \^ ^ 

2 2 6c 

^ 2 6c~(y-hc'--a») ^ a«~-ffl~2 6c4-c») 
2 6c 2 6c 

2 6c 2 6c ' 

•• *''' 2- 46^ ' 



. ,i^^_^ /(2^^6)(2i>~2c) /(8~6)(.~c) 
Again, since 2 cos*— = 1 -f- cos -4, (Art. 88.) 

.'. 2co8'#=i+co8^=i+ ^'';';~°* 

2 2 OC 

(6 + c)*-a' (6 + c + a)(6 + c-o) . 
2 6c 2 6c ' 



2 Af 46c >i 6c 
^i J (*-^)(*-c) ^ 

112. t«nd= i=^ **' J(*-^)(*-"^ 

2 \ 6c 

EzAMPLB. Write down the corresponding formulae for 

s: 

113. Vin. Again, 

sin^ 

.-. sin^ = 2^/(iE^KiE^.^giE^ 
Af 6c Af 6c 



S JS B 

sin—, for cos—, and for tan~* 
2 2 2 



sin ^ = 2 sin^ • cos^ ; (Art. 91.) 



.'. 8iiiii=^v»(»-o)(r^6)(r^ 
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The letter S usually stands for V»(« — a)(a — 6)(a — c), so that 
the above may be written ?"^ — 



Similarly^ 



a abc 
sinB 2S sinC 



abc 



114. IX. To prove that 



• cot — = tan — - — • 

b + c 2 2 

Since — — - = .^ ^ (Art. 106), let each of these fractions = d. 
sinjB sinC^ ^' 

Then & = d sin B, and c = d sin C 

. 6 — c _ d sin Jg — d sin (7 _ sin J3 — sin C 
b + c dsinB-K dsin(7"~sin54-sinC 

z sm — - — • cos — - — 
_ 2 2 

2 sin — ^ . cos 

^ 2 



ten^-<? 



tan 
6 — c 



2 
B-C 



^ (Art. 82.) 



i-. [since taii^i:^=taiir90'-^\1 



COt^ = t«n^-;r-=^- Q.E.D. 



6 + c 2 2 

Similarly, £zU5cot:?=: tan^=^; 

^' c-ira 2 2 

±l4cotg=:tanA=^ 
a + 6 2 2 

US. The student is advised to make himself thoroughly familiar 
with the following f ormulsB : 

8inil = ^V«(«-a)(*-«)(«-c) = ^; (i.) (Art 113.) 

a = 6 cosf + c co8i7 ; (ii.) (Art. 105.) 

-?- = -^ = -^ = ^; (iii) (Art 106.) 

sinif 8ini7 sinC %S ^ ^^ ^ 

coBif = *'+g^^""^ ; (iv.) (Art. 108.) 
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^i=y l^"t"'^ ' (-XArtlll.) 

co.^=V^^^5 (vi) (Art. 111.) 

^i-^I^^^-' (vii.)(Axtll2.) 

tan i^ = J^l^ cot ^. (viii.) (Art. 114.) 

116. The sign of the radicals in y., yi.^ and yii. of Art 115 is 
positive, because ^ < 90°. 

'A A A 
Sin—, cos—, tan—- cannot be imaginary, since, then, either «— a, 
^ ^ 2 

« — 6, « — c, is negative ; which is impossible. 

BXAMPLB8. XXVn. 
In any triangle ABC prove the following statements : 
J sinA4-2sinJP __ sinC ^ sin^ A - m « sin' JP _ sin^ C 

a + 26 c " ' a^-m^l^ c» 

8. acosA + &cosJB — cco6C=:2ccosA«cosJB. 

4. (a + 6) sin ^=c 008^1=-^. 6. (6 - c) cos ^ = a sin ^^-^. 

2 2 2 2 

6. asin(JB- (7)+6sin(C--4)+csin(-4-JB)=0. 

7 g — & _, cobJP — cosA g 5-fc _ cos.g + co8C 

c l + cosC ' ' a " 1 — cos-4 

9. V &csinB.sinC = ^''^^+^«^^ . 

6 + c 

10. a+ 6 + c = (6 + c)co8A + (c + a)cosJB+(a + 6)co8a 

11. 6 + c — a =(6 + c) COS A — (c — a) cosJB +(a — 6) cos C. 

12. tanJL- <»»^°^ 18. tanJP _ a«-h &a-(^ 

6-acosC *tanC a^-^l^ + n^ 

In solving the following list of examples, the student will select 
from the f ormulsB of Art. 115 those best suited to his purpose. 

Example. Given a = 2, & = \/6, c = 1 + VS. To find the angles of the 
triangle. 

It is evident that we may apply either iv., v., vL, or Tii ; but that ii., 
iii., and viii. contain two angles, and hence cannot be used. We shall employ 
iv. We find 

cos^ = -5L, ... ^ = 46°; 

V2 
cos3 = ^, .-. JB=eOO; 
C = 180O-(^ + JB) = 76o. 
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BXAMPIiBS. XZVm. 
1. Simplify the fonnulsB 

in the case of an equilateral triangle. 

5. The sides of a triangle are as 2 : \/6 : 1 + Vd ; find the angles. 

8. The sides of a triangle are Its 4, 2\/2, 2(\/S — 1) ; find the an^es* 
4. Given C=120^ c = Vl9, a = 2; find 6. 

6. Given -A = eO^ 6 = 4V7, c = 6\/7 ; find a. 

6. Given A = 46'', S = 60*^, and a = 2 ; find c. 

7. The sides of a triangle are as 7 : 8 : 13 ; find the greatest angle. 

8. The sides of a triangle are 1, 2, V7 ; find the greatest angle. 

9. The sides of a triangle are as a : & : V(a* + ab-\- b^) ; find the greatest 
angle. 

10. When a:b :c as 3:4:6, find the greatest and least angles ; given 
cos 86° 52' =.8. 

11. If a = 6 miles, 5 = 6 miles, c = 10 miles, find the greatest angle. 
[cos49«38' = .66.] 

15. If a = 4, & = 6, c = 8, find C. Given that cos64<' 54' = .576. 
18. a : 6 = VS : 1, and C= 80° ; find the other angles. 

14. If & = 3, C= 120°, c = Vl3, find a and the sines of the other angles. 

16. Given A = 106°, B = 46°, c = v^ ; solve the triangle. 

16. Given B = 76°, C = 30°, c = V8 ; solve the triangle. 

17. Given B = 46°, c = y/76, b = VSO ; solve the triangle. 

18. Two sides of a triangle are 3V6 yards and 8\/3H- 1 yards, and the 
included angle is 45° ; solve the triangle. 

19. If the angles adjacent to the base of a triangle are 22^° and 112}°, show 
that the perpendicular altitude will equal half the base. 

90. If ^ = 46° and JB= 60°, show that 2c = a(l 4- V3). 

91. The cosines of two of the angles of a triangle are } and } ; find the ratio 
of the sides. 



CHAPTER XIV 

LOGARITHMS 

117. Before proceeding to the problem known as the solution of 
triangles^ we shall discuss very briefly the use of common logarithms 
and certain mathematical tables. These tables may be found on 
the last sixty-five pages of this book. 

NoTB. — The discussion of logarithms belongs properly to Algebra, to whioh 
the student is referred for a more general treatment. 

The student will observe that oomputation by means of logarithms is a mere 
combination of exponents. 

11& In Algebra it is explained that when different powers or 
roots of the same number are concerned, 

(i.) mvltipliccaion is effected by adding the indices; 
(ii.) division is effected by subtracting the indices; 
(iii.) involution and evolution are respectively effected by the 
multiplication and division of the indices. 

Example 1. Let m = a^ n — a^\ 
then mxn = a^xa^=i a*+*, (i.) 

m -s- n = a* -;- a* = a*-*, (ii.) 

^ = m* = (a»)* = ai.J 



(iii.) 



119. Definition. The logarithm of a number, n, to a certain 
base, bj is the index with which it is necessary to affect b to pro- 
duce n, 

E.g, suppose &' = n ; then logarithm n to base b is I for b, raised 
to 2th power, produces n. This is expressed in the following nota- 
tion: . , 

l0£^/l = /. 

and is read "logarithm of n to the base b equals 2." Or, if no ambi- 
guity arises, simply " log n = V^ 

ExAJcPLBs. lo&8 = 3 ; for 2* = 8, or S must be raised to power 8 to pro- 
^^^«- logiol00 = 2. 

o 81 



82 TRIGONOMETRY FOR BEGINNERS 

120. The use of logarithms is based upon the following proposi- 
tions: 

I. TJie logarithm of the prodact of two rvumbera is equal to the 
logarithm of one of the numJ)er8 pltia the logarithm of the other. 

For, let logj m — x\ then m = 6*, (Def .) 

and let logj n = y ; then n = 6». (Def.) 

(mn)=:(&-6»)=(ft*^). 
.-. logj(mn)=logj(&^«')=a;+y. 
But a + y=logjm + logjn; 

or, logj {mn) = as + y =s logj m + logj n. q.k.d. 

II. The logarithm of the qaotient of two numbers is tlie logarithm 
of the diyidend minus tlie logarithm of the diyisor. 

But aj — ysalogjm — logjH. 

.-. logJ ^ j= aj - y = logj m - logjii. 

III. The logarithm of a number raised to a power k ib k times 
the logarithm of the number. 

For, (m*) = (6-)». 

Now, logj ^ = kx = k logj m. 

EZAMPLBS. Giyen logio2 = .80103, logio 3 = .47712, logio? = .84600 ; find 
the Talues of the following : 

(i.) logioa =logio(2x3)=logio2 + logio8 

= .80103 + .47712 = .77816. [by I.] 

(U.) logio } = logio 7 - logio 3 = .84609 - .47712 = .36797. [by H. ] 

(iU.) logio 3« = 6 times logio3 = 6 x .30103 = 1.60616. [by ni.] 

(iv.) logio>/?^ = logio(?~^)* = J of logio^ [by HI.] 

rr } of (log3 + log4 - log 7) = } of {.47712 + twice .30103 - .84609} 

= } of .23408 = .07802. [by I. and n. ] 

(t.) logio 6 = logio V = logio 10 - logio 2 = 1 - .30103 = .69897. 

BXAMPLBS. yrfmr 

1. Find the logarithms to the base a of a', a ' , y/a, y/c?, — • 

a* 
S. Find the logarithms to the base 2 of 8, 64, i, .126, .016626, vSi. 

8. Find the logarithms to the base 3 of 0, 81, }, ^, ■^, 
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4. Find the value of logs 8f logs -5, logs 243, logs •04, logio 1000, logio .001. 
6. Find the value of log. a^ logi v^ logs 2, logs? 3, logioo 10. 
6. Prove that log(\^x Vf^ \/9)= Jlog2 + JlogT - f log3. 

121. That system of logarithms whose base is zo is called the 
common system of logarithms. 

In speaking of logarithms hereafter, common logarithms are 
referred to unless the contrary is expressly stated. 

We shall assume that an index of 10 can be found such that 10 
affected with this index is practically equivalent to any number. 

The indices of these powers of 10, i.e. the common logarithms, 
are in general incommensurable numbers. 

Kow, the greater the index with which 10 is affected, the greater 
will be the value of the equivalent expression; and the less the 
index, the less will be the numerical value of the expression. 

Hence, if one number be less than another, the logarithm of the 
first will be less than the logarithm of the second. 

But the student should notice that logarithms (or indices) are 
not proportional to the corresponding numbers. 

Example. 1000 is less than 10000 ; and the logarithm to base 10 of the 
first is 3 and of the second is 4. 

But 1000, 10000, 3, 4 are not in proportion. 

122. Propositiok. If two numbers expressed in the decimal notOr 
turn have the same digits arranged in the same order {so tJuxt they differ 
ardy in the position of the dedmxxl point), their logarithms to the base 10 
differ only by an integer. 

The decimal point in a number is moved by multiplying or divid- 
ing the number by some power of 10. 

Let the numbers be m and n ; then m = n x 10* when % is a whole 
number (positive or negative) ; then 

log m = log (n X 10*) = log n + log 10* = log n + k. (Art. 120.) 

That is, logm and logn differ by an integer. q.e.d. 

Example 1. log 1679.2 = log {(1.6792) x 10*} = log 1.6792 + log 10* 
= log 1.6792 + 3. 

Example S. Given that log 1.7692 = .247776 ; 
find (i.) log 17692, (ii.) log. 0017692, (ui.) log 176.92. 

Here log 17692 = log (1.7692 x 10*) = 4.247776, 

log. 0017692 = log (1.7692 x 10-8) = - 3 4. .247776, 
log 176.92 = log (1.7692 x lO^) = 2.247776. 
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121. We know from Algebra that 1 = 10^; 

10 = 10* and that .1= ^ =10"* 

100 = 10* and that .01= ^ =10-» 

1000 = 10* and that .001=^^=10-* 

10000 = 10* and that .0001 = ^rW = 1^"* 
and so on. 

Hence, the logarithm of 1 is 0. 

The logarithm of any number greater than 1 is pasUive, 

The logarithm of any positive number less than 1 is negative. 

124. Observe also 
that the logarithm of any number between 1 and 10 is a positive 

decimal fraction; 
that the logarithm of any number between 10 and 100, i,e. between 

10* and 10*, is 1 + a decimal fraction ; 
that the logarithm of any number between 1000 and 10000, i.e. 

between 10* and 10*, is 3 + a decimal fraction ; and so on. 

12& Observe also 
that the logarithm of any number between 1 and .1, i,e. between 

10^ and 10"*, can be written in the form — 1 + a decimal fraction ; 
that the logarithm of any number between .1 and .01, i,e, between 

10-* and 10"*, can be written in the form — 2 -f- a decimal 

fraction ; and so on. 

Example 1. How many digits are oontained in the integral part of the 
number whose logarithm is 3.67192 ? 

The number is lO^-^^^ and this is greater than 10*, i.e, greater than 1000, 
and it is less than 10^, i.e. less than 10000. Therefore the number lies between 
1000 and 10000, and therefore the integral part of it contains four figures. 

Example 8. Given that 3 = IO-^^tuu, find the number of the digits in the 
integral part of 9^, 

We have 3 = 10«7um, 

.-. 3»=(ia«^)« = 10w**«". 

Therefore there are 10 digits in the integral part of 3^ ; for it is greater 
than 10» and less than 10^. 

Example 8. Suppose that the decimal part of the logarithm is to be kept 
positive, find the integral part of the logarithm of .0001234. 

This number is greater than .0001, i.6. than 10"^ and less than .001, i,e. 
than 10-«. 

Therefore its logarithm lies between —3 and —4, and therefore it is 
— 4 + a fraction ; the integral part is therefore - 4. 
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126. From Art. 120-125 it is evident that the logarithm of any 
positive number may be written as an integer + a decimal fraction. 

The integrid part of the logarithm is called the cbaracteristic. 
The decimal part of the logarithm is called the mantissa. For 
conveniencey the mantisssB of common logarithms are always kept 
positive. In this way the mantisssB of the logarithms of numbers 
consisting of the same digits, arranged in the same order, are always 
the same (Art. 120); because removing the decimal place to the 
right or to the left is equivalent to multiplying the number by 10*, 
where A; is a positive or negative integer, as the case may be. 

Example. The mantiasa of log 3.466 = mantissa of log (845.6). 

The stadent cannot ohserve too carefully that the mantissa is always positive. 
The m a n tissas have been calculated and anranged in convenient tables. See 
table I. 

127. It is evident from Arts. 120-125, that the characteristic of 
a logarithm can be obtained by the following rule : 

BuLE. The characteristic of the logarithm of a number greater 
than unity is one less than the number of figures in the integral 
part of the number. 

The characteristic of a number less than unity is negative, and 
(when the number is expressed as a decimal) is one more than the 
number of ciphers between the decimal point and the first signifi- 
cant figure to the right of the decimal point. 

When the characteristic is negative, as for example _^ui the 
logarithm — 3 + .17609, the logarithm is abbreviated thus, 3.17609. 

Example 1. The characteristics of 36741, 36.741, .0036741, 3.6741, and 
.36741 are respectively 4, 1, - 3, 0, and - 1. 

ExAMPLB S. Given that the mantissa of the logarithm of 36741 is 66616, we 
can at once write down the logarithm of any number whose digits axe 36741. 



Thus 


log 8674100 


= 6.66616, 




log 86741 


= 4.66616, 




log 367.41 


= 2.66616, 




log .36741 


= 1.66616, 


and so on. 


log .00036741 


= 4.66616, 



128. We have said that logarithms are in general incommensur- 
able numbers. Their values can, therefore, only be given approxi- 
mately. 
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If the yalue of aay number is given to seven significant figures, 
then the error (i.e. the difference between the given value and the 
e3D(ict value of the number) is less than a millionth part of the 
number. 

Example. 8.141592 is the yalae of r correct to seyen significant figures. 
The error is less than .000001 ; f or «r is less than 3.141503, and greater than 
3.141592. 

The ratio of .000001 to 3.141592 is equal to 1 : 3141592. The ratio of .000001 
to r is less than this ; i,e. much less than the ratio of one to one million. 

129. An actual measurement of any kind must be made with the 
greatest care, with the most accurate instruments, by the most skil- 
ful observers, if it is to attain to anything like the accuracy repre- 
sented by * seven significant figures'; and, indeed, the value of any 
quantity given correct to ^four significant figures' is exact for 
most practical purposes. 

130. A five-place table of logarithms is placed at the end of the 
book. (See table I.) Page 1 of this table contains the logarithms, 
to five places of decimals, of all numbers from 1 to 100. Pages 2-16 
contain the mantissa©, to five decimal places, of the logarithms all 
numbers from 100 to 10000. But all numbers from to oo is one 
of these numbers multiplied by ten affected with either a positive 
or negative index, 

e.g, 4628326 = 4.628326 x 10« ; .03986 = 3.986 x lO"'. 
Hence by prefixing to the mantissse the proper characteristic (see 
Art. 126) we obtain the logarithm of any number, of not more than 
four significant figures, from to oo . 

131. To find the logarithm of a given number, (a) If the number 
contains not more than four significant figures. Find the mantissa© 
from the table corresponding to these four significant figures and pre- 
fix the proper characteristic. The result is the logarithm required. 

Example 1. To find the logarithm of 4064. 
4064 = 4.064 • 10*. 

Referring to the table I., page 8, we find, at the intersection of the row headed 
406 and the column headed 4, the number .60896. 
.-. log 4064. = 8.60895. 

Example 2. To find log .04064. This logarithm differs from the former 
as to the characteristic, which is — 2. 
.-. log .04064 = 2.60896. 
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(b) To find the logarithm of a number of more than four digits. 

We shall assume that if the difference is sraaU the difference 
between numbers is proportional to the difference of their logarithms. 
This proposition is proved in works on Algebra. If there are more 
than four digits in the number^ we cannot obtain its logarithm 
directly from the table, but must interpolate. This is illustrated by 
the following example. To find the logarithm of 3456.4. This 
number lies between 3457 and 3456. Its logarithm therefore lies 
between log 3457 and log 3456. 

log 3457 - log 3456 = 3.53870 - 353857 = .00013. 
K log 3456.4 = 2, 

log 3456.4 - log 3456 = I - 3.53857. 

By the theorem stated above, 

1 :. 00013 = .4 :Z- 3.53857; 

.-. Z =. 4 X. 00013 + 3.53857; 

.-. log 3456.4 = 3.53862. 

Or we may reason thus : 

Since increasing 3456 by 1 increases its logarithm by .00013 
increasing 3456 by .4 of 1 increases its logarithm by .4 of .00013 or 
by .000052. 

In forming such products as .4 x .00013, we retain only five 
decimal places. We increase the number occupying the fifth place 
by unity if the succeeding number is equal to or is greater than 5. 
We neglect the number occupying the sixth place if it is less than 5. 

Example. To find the logarithm of 66.462. 
log66.46 = 1,76174 
log 66.46 = 1.75166 

8 
.2x8 = 1.6. . •. log 66.462 = 1.76168. 

EXAMPIiBS. XXX. 
Find logarithms of the following numbers : 

1. 3662 ; 7.466 ; .00432. 8. .046624 ; .036421 ; .0072346. 

2. 86421 ; 96.204 ; .00362. 4. 6789000 ; 32,466,000. 

132. To find the number whose logarithm is given. The method 
of procedure is just the reverse of that of Art 131, and will be 
illustrated by the following examples: 
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SzAMFUi 1. To find the number whose logvithm is 3.41447. 

Trfwiring hi the body of the table of logBxithms of nnmbexs, we find, at the 
hrteinctioQ of the line headed 269 and the oolnmn headed 7, the given man- 
tMa 41447. 

.-. log 8.607 = .41447. The characteristic 3 shows there are four figures to 
the left of the decimal point Hence the nnmber required is 2697. 

EzAMPLB S. The number whose^logarithm is 6.41447 is 269700. 
The nnmber whose logarithm is 2.41447 is .02697. 

It may happen that the mantissa of the given logarithm does not 
oocnr in the table. We then proceed as follows : 

To find the nnmber whose logarithm is .43563. 

The mantisssB next lower and next higher than the given man- 
tissa are .43553 and .43569 respectively. 

log 2.727 = .43569. 

log 2.726 = .43553. 
.43669 - .43553 = .00016. 
.43562 -.43553 = .00009. 

Using the proportion of Art 132, 

.001 : .00016 = n - 2.726 : .00009, 

where n is the desired nnmber; 

.-. n = 2.72656. 
Or thus: 

Since the mantissa of the number is .00009 greater than the 
mantissa of log 2.726, and the mantissa of log 2.727 is .00016 greater, 
the number must be -j^ of .001 greater than 2.726. 

The number obtained is not accurate to more than five significant 
figures. If the characteristic indicates that more than five figures 
are to the left of the decimal point, the remaining places are filled 
with ciphers. Thus in the problem solved we can rely only on 
27365. The 6 is questionable. 



BXAMPIiBS. •g'^'g^T. 

1. Find the number whose logarithm is .66867. 

t. Find the number whose logarithm is 4.66029. 

8. Find the number whose logarithm is 6.39669. 

4 Find the number whose logarithm is 4.64311. 

6. Find the number whose logarithm is .76604. 
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bxampijBs. zzxn. 

Find the Talaes of the following correct to four significant flgores : 
1. </m. (84.70)* 9 iv^(6^ X (»)-*• 

S. <^. ' (41.26)* 'r^ 

8. (273)* X (284)*. ^ (24.78)f "' ^^l^^' 

4. (451)* X (281)*. (.0046)*" u. ^ 

V3 

5. (l^y. 8. 7^ X (88180)*. U. (g^* >< f)*. 
V 84 / .0346 ^ ^ V 2^ X 3» / 

Solve the eqoationB correct to four flgores : 
18. 10- = 421. 14. (}i)" = S. 16. (}«*)*' = 2. 

133b Since the trigonometric ratios are numbers we can find their 
logarithms. Since the sine of an angle is never greater than 1, the 
characteristic of its logarithm is negative (except for sin ^ = 1). 

To avoid the use of negative characteristics it is usual to add ten 
to the actual logarithm of sin $ and call the result log sin $, e,g. the 
actual logarithm of sin V is 1.08589^ but as explained above it is 
written log sin 7° = 9.08589. Similar remarks apply to the logarithm 
of the cosine of an angle^ to the logarithm of tangents of angles 
from 0** to 45^, and to the logarithm of cotangents of angles from 
45^ to 90^ 

Table II. contains the logarithmic sine^ tangent^ cotangent, and 
cosine for every ten seconds from 0° to 2°, and for every minute 
from 1** to 89®. From these we can find the logarithms of the trigo- 
nometric ratios of any angle, because (Art. 58) the ratios of any 
angle can be expressed in terms of the ratios of angles of the first 
quadrant. 

134. To find log sin $, hewing given $. We shall illustrate the 
method of procedure by some examples. 

Example 1. To find log sin 16'' 26', see tables, page 41, at the intersection 
of the line headed 26, in left margin, and the column headed log sin $ under 16% 
we find 9.42416, i.e. log sin 16'' 26' = 9.42461. 

Example S. To find log sin 74° 20' 40". 

Log sin 74'' 20' 40" cannot be found directly in the tables. Hence we must 
interpolate. 

We assume the theorem, A very sinall change in an angle is proportional 
to the corresponding change in its sine,^ 

1 We have added a proof of this theorem in Arts. 187-139. 



90 
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From the tables, at the intersection of the line headed 20 in the right margin 
and column headed log sin above 74°, we find 9.98366, i,e. 

Iogsin74''20' = 9.98366 
Similarly log sm 74° 21' = 9.98369 

3 

Hence the difference of 1' (i.e. 60") in the angle corresponds to a difference 
.00003 in the log sin of its angle. Hence by theorem quoted above, to a differ- 
ence of 40" in the angle corresponds a difference of ^ of .00003 = .00002. 
.-. log sin 74^20' 40" = 9.98366 + ^00002 
= 9.98368. 

135. To find $, having given log sin $, This is the converse of 
Art. 134. The reasoning is not essentially different from that of 
Art. 131. 

136. The sine, cosine, etc., are sometimes called the natural sine, 
natural cosine, etc. Table III., a, 6, c, d, contains the natural trigono- 
metric functions from 0° to 90** at intervals of 6'. 

* 137. To prove sin fl < ^ tan 0, Let P'XP be a circle with centre 
O, and radius OP. Draw the tangents PI and P'J. Connect PP*. 



Let $ be the circular measure of XOP, 
measure of P^OP. Now 



Then 2 ^ is the circular 




PP'<arc PP< (P7+ IP). 

.-. PM< arc XP< PI 

PM BXcXP PI 
OP OP OP 

But arc XP=OP. A 

Substituting in (1), sin tf < fl< tan $. 



(Geom.) 

(1) 

(2) Q.E.D. 
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* 13& To prove when is very smdU. 







= 1, approximately; 



= 1, approximately. 



e 

Divide (2) of the last article by sin 0. 

l<-T^<COSd. 

sind 
By Art. 39, when is yery small, cos approaches 1. 

Bnt -: — - lies between 1 and cos &. 
sin^ 

Hence, approximately, -:— t= 1 when is very smdU, 

6 

cos 0. Hence, as before, 



tan d sin 6 




^ == 1 when $ is very small, 
tan^ 

It must not be forgotten that $ is given in circular measure. 

iif'\2Q sin (^ + a?) — sin ^ __ sin tf cos a? + cos ^ sin a? — sin ^ 
sin (tf -f y) — sin ^ sin^ cos y + cos tf sin y — sin ^ 

If now X is very small, and y is very small, we may write 
cosa5 = l, sina? = a?; and if y is very small, cos y = l, siny = y. 

.*. when X and y are very small, ^^ y^ "^ / ~ ^^^ -^ = -• (1) 

^ ^ 'sin(d + y)-sind y ^^ 

Or, a very smaU change in an angle is proportional to the corre- 
sponding change in the sine of thai angle. 

In a similar way this law of proportional change may be estab- 
lished for each of the natural functions. 



CHAPTER XV 

ON THB SOLUTION OF TRIANGLES 

1401 The problem known as the solation of triangles may be 
stated thns: When a sufficient number of the parts of a tricmgle are 
gwem, tofi^ the ma^iiude of each of the other parts. 

ML Solation of the right triangle (see Ch. VI.). 

Let AOB be a right^mgled triangle with the right angle at C. 




WehaT« 

as:esin^ = cco8^; 

6 = c cos ^ = e sin B ; 
a=s 6tan^s= &cot^. 
Tb# sitEts of the ratios are all positive. 

.\ log a = log c + 1(^ sin -4 - 10 ; (Art. 132.) 

log 6 = log c + log cos -4 - 10 ; (Art. 132.) 

log a = log 6 + log tan A} (Art. 132.) 

BXAMPIiBS. yyiTTTT 

V Qif«i «» 18502, ^=:12^ FindJB, &, and c 
^ ^sb^««ii « » 3&, B^zr W W. Solve the triangle. 
^Uiita^slOO, 3 = 42^ Findcanda. 
^ See footnote, page 94. 
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142. The student has proved, while studying Greometry, that a 
triangle is uniquely determined when there are given : 

I. Three sides. 
II. One side and two angles. 

III. Two sides and the included angle. And 

IV. That either one, two, or no triangles are determined when 
two sides and the angle opposite one of them is given. 

When, therefore, three parts (one of which is a side) are given, 
the other parts can be calculated. There are four cases. 

0<Me L 

143. Given three sides, a, 6, c (Art. 141, 1.) 
We find two of the angles from the f ormulsB 



2 ^ «(«-a) ' 
2 >/ s{8-h) 



The third angle 0= 180** - -4 - 5. 

144. In practical work we proceed as follows : 



logtan^=logJ^EMp; 
^ ^ «(« — a) 



or, 

A 

log tan-. = ^{log(« — 6)+ log (« — c)— loga — log(« — a)}. 

Similarly, 
log tan-. = ^{log (a — c)+ log(« — a)— log« — log(« — 6)}. 

145. Either of the formulae 



sin 2 -\ 2m5 ' °^® 2 ^ be 



may also be used as above. 

A A 

The sin --- and the cos — formulae are either of them as convenient 
2 2 

A 

as the tan-— formula, when one oi the angles only is to be found. 

If all the angles are to be found, the tangent formulae are convenient, 
because we can find the log tangents of two half angles from the same 
four logs, viz. logs, log (s — a), log {s — 6), log (« — c). To find the 
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log sines of two half angles we require the six logarithms, viz. 
log (« - a), log (« - b), log (8 - c), log a, log b, log c. 

ExAMPLB. Giyen a - 276.86, b = 180^8, c = 801.47 chains ; find A and JB. 
Here, « = 888.06, » - a = 107.70, » - 6 = 198.77, » - c = 81.68. 

Then log tan ^ = J{log 108.77 + log 81.68 - log 888.06 - log 107.70} 



= i {2.28728 + 1.01168 - 2.68826 - 2.0 

= 0.70160 1 (Art. 132), [From the tables.] 

whence ^ = 81** 46' 28.6"; . •. ^ = 68«» 80' 67". Again, 

2 

log tan I = ^ {log 81.68 + log 107.70 - log 888.06 - log 108.77} 

= 0.68668 = log tan 18^ 60' 0.8"; 

.-. B = 87** 68' 20"; C = 180** - ^ - J3 = 78*> 80' 48". 

146. This case may also be solved by the formula 

cos^ = ^'V-^' 
2bc 

But this formula is not adapted for logarithmic calculation^ and 
therefore is seldom used in practice. 

It may sometimes be used with advantage, when the given 
lengths of a, &, c are small. 

ExjLMFLB. Find the greatest angle of the triangle whose sides are 18, 14, 16. 
Let a = 16, 5 = 14, c = 18. Then the greatest angle is A, 

Now, co.4=l^±i^^ = —i^— =±=.884816 
' 2 X 14 X 13 2 X 14 X 13 13 

= cos 67^ 28', nearly. [By the table of natural cosines.] 

.'. the greatest angle = 67^ 28'. 

BXAMPLBS. XXXIV. 

1. If a s 862.26, b = 618ii7, c = 482.68 yards, find the angles A and B. 
8. Find the two largest angles of the triangle whose sides are 484, 876, 
622 feet. 

^ Given a s .641, b — .620, c = .702 ; find two largest angles of the triangle. 

4. Qiven a = 2, 5 = 1.64, c = 2.076 ; find B. 

5. If a s: 8811, b rr 8860, c = 4000 yards, find O. 

6« The sides are 2, v^, and Vs — 1 ; find the angles. 

^The result here is really 1.70160, but we have added ten to it in order to 
maki^ this number agree with the one given in the table (see Art. 132). In the 
«»x9kinp)e> Art 148, each of the values of log sin A and log sin B are ten too large ; 
»luvM> one is negative and the other positive the result is not affected. Little 
dUUoulty will be experienced, if careful attention is given to Art. 132. 
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Case 11. 
147. Given one side and two angles, as a, B^ C. 
First, A = 180* — 5 — C; which determines A. 

xr«^4. ^ ^ /v* !» a«sin5 

T«fext, -: — :^ = -. 7} or, & = — : -— : 

sin ^ sin J. sin ^ 

and, -; — ^ = -1 — 7» or, c = — : — ;—• 

sinCz sin^ sin^ 

These determine b and c. 

140. In practical work we proceed as follows : 

Since 6 = il«iS^ 

sm^ 

Sin J. 
.-. log h = log a H- log sin 5 — log sin A. 

Similarly, log c = log a -h log sin O — log sin A 

Example. Giyen that c = 1764.3 feet, C - Id"" 27', and B=zW 39'; find b. 
From the tables we find log 1764.3 = 3.24667. 

log sin IS"* 27' = 0.50034, log sin 66^ 30' = 9.96280 ; 
. •. log b = 3.24657 + 9.96289 - 9.50034 
= 3.70912 = log 5118.2; 
.-. 5 = 5118.2 feet. 

EXAMPLBS. XXXV, 

1. ^ = 580 24', B = 66° 27', c = 338.66 yards. Find a and O. 

2. Find c, having given a = 1000, A = 60°, C = 66°. 

8. Find b, having given B = 32° 15', C = 21° 47' 20", a = 34 feet. 
4. Given c = .0161, ii = 36° 16', C - 123° 39' ; solve the triangle. 

Case III. 
149. Given two sides and the induded angle, as b, c, A 

First, 5 -h O = 180* - A Thus (B + C) is determined. 

Next, tan ^^=^ cot :^- 

Thus (.B — C) is determined. 
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And B and C can be f oand whoi the Tallies of (B + C) and 
(B-'C) arekxiown. 



Lwtly, 



b 



I or ass 



vaB 



Whence a it detommied 

180. In practical work we proceed at foIlawB : 

Since 



tan — - — =- cot—, 

2 6 + c 2 



/. log^tan^^=log(6-e)-log(& + e)+log(cot|). 



Also, since 



ass 



6*8in^ 



sinB ' 
.'. loga^logb + logsin^ — logging as in Case n. 

BxAima. Olren 5 » 466.12 chafa», e - fMM diains, and ji = 74^' 2(K ; 
find the other anglM. 

Here, 5 - c = 109.26, 5 + e = 762.06. 

From the table we find 

log 160.26 = 2.2021, and log 762.06 = 2.87678, 
log cot 37<'10' = . 1202;! 
,.. log un ^-^ » 2.20210 - 2.87678 + .12026 = 0.44668^ = log tan IS"* 36^ 18" ; 
/. B - C» 81* 10' 86", and J + (7= 180* - 74*»20'. 
Thua B+Csl06<'40'; 

.*. 2B = 186^60' 86"; 2 C = 74° 29' 24", 
or S « 68* 26' 18" ; or, C = 87* 14' 42". 

18L The formula a'^b' + c' — 2bcco8ul may be used in simple 
CABes. 

Rx/^MrLB. If 6s 86 feet, ess 21 feet, and ^r=60*, find a, giyen that 
(^iiiiOO'^s.648. 
ttf^re 0* a 86> + 21> - 2 X 86 X 21 X co860*; 

^,^ «] = 6« + 8«-2x6x8xoo«60», =26 + 9-80 x .643, =14.71. 

2 s 8.82 nearly ; or, a = 26.74 = about 26( feet. 



1 See footnote, page 94. 
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BXAMPIiBS. XXXVI. 

1. & = 19feet, e = 20feet, ^^eO""; findBand C. 

8. a = 376.376 feet, b = 261.706 feet, C = 78'' 26' ; find B and A 

8. a = .3, 5 = .363, C7=: 124'>66' ; solve the triangle. 

4. a = 136, 6 = 106, C = 60°; find ^. 

6. 6 = 8, c = 11, ^ = 93^36' ; find a, 

6. In a certain triangle two of the sides are 12 and 16 respectiyely ; the 
angle included by them is 160.6°; find the other angles. 



Case IV. 

152. Given two sides and the angle opposite one of them, as b, 
c,B. 

First, since ^=-A^; ... 8inC = ^^. 
sin (7 sin^ b 

C must be found from this equation. 

When C is known, A = 180^ — J5 — (7, 

and a = Mi2^. 

suijB 

Which solves the triangle. 

153, It should be noticed, however, that the angle O, found from 
the trigonometrical equation sin C = a given quantity, where (7 is an 
angle of a triangle, has two values, one less than 90^, and one 
greater than 90** (Art. 103). 

The question arises. Are both these values admissible ? 
This may be decided as follows : 

If jB is not less than 90°, O must be less than 90*"; and the 
smaller value for C only is admissible. 
If J3 is less than 90° we proceed thus : 

1. If 6 is less than c sin B, then sin C, which = ^^^ — , is greater 



than 1. This is impossible. Therefore if 6 is less than csinJ3, 
there is no solution whatever. 

2. If 6 is equal to csinJ3, then sin(?= 1, and therefore C= 90°; 
and there is only one value of C, viz. 90°. 

3. If 6 is greater than csin^, and less than c, then B is less 
than 0, and C may be obtuse or acute. In this case O may have 

either of the values found from the equation sin C= ^-^ — Hence 

b 

there are two solutions, and the triangle is said to be ambigaous. 
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4. n i^u equal to €)T g;ieatier than <;plliCBBacqaaI Id or greater 
than C, sotliat C must be an acute ai^e; and t&e aEaallcr vahie for 
CmHj is admiflribie 



1S& The same lesoha majr be obtained 1 

CoostrnetuHL Draw jlB==e; make the an^JLBD^Ae given 
angle B; withemtre^ and iadins=6deerribe a cnde; ^nm AD 
perpendienlar to JRP, 

Th«jlZ> = esinJ9L 

1. If fr is leas tiianc sin j^ie: less tiianAI>,tbe code win not 
evi BD at all^ and the eonstnietion frils. (Fig. L) 



^ L 




2. If 6 is equal to AD^ the dicle will Umck the line ^Z> in the 
point D^ and the required triangle is the ri|^-ans^ triangle ABD. 

(Fig. n,) 

3. If 6 is greater than AD and less than AB^ %.e, than e, the 
eircle will cut the line BD in two points Cj, Of, each on the same side 
of B. And we get two triangles ABO^, ABO„ each satisfying the 
given condition. (Fig. III.) 

4« If & is equal to c, the circle cuts BD in J3 and in one other 
point C7; if 6 is greater than c, the circle cuts BD in two points, but 
on opposite sides of B. In either case there is only one triangle 
satisfying the given condition. (Fig. IV.) 

15& We may also obtain the same results algebraically from the 
formula &* = <? + a* — 2 ca cos J5. 

In this bf c, B are given, a is unknown. Write x for a, and we 
get the quadratic equation, 

ic* — 2 c cos -B • a? = 6' — (A 
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Whence, a?* — 2c cos -B-ic-hc* cos* J5 = 6' — c* -h c" cos^-B 



.-. a? = c cos 5 ± V6* — c* sin* B, 
Let ai, 02 be the two values of x thus obtained ; then 



Oi = c cos -B H- V&* — c^sin'i? ; 






Os == c cos 5 — vfe" — c* sin^j 

Which of these two solutions is admissible may be decided as 
follows : 

1. When h is less than csin^, then (6* — <?sin'jB) is negative, 
so that ai, Oj are impossible quantities. 

2. When h is equal to csinJ3, then (6* — c*sin'5)=0, and 
01 = 03; thus the two solutions become one. 

3. When h is greater than c sin B^ then the two values d^ o, are 
different and positive unless 



V6'--c"sin*jB is >ccos-B; 

i.e. unless V — (? sin' B > c* cos* J5, 

f .e. unless 6' > c*. 

4. When 6 is equal to c, then o, = 0; if & is greater than c, then 
0| is negative, and is therefore inadmissible. In either of these 
cases O] is the only available solution. 

IS61 We give jbwo examples. In the first there are two solu- 
tions; in the second there is only one. 

ExAMPLB 1. Find A and C, haying given that h = 379.41 chains, e = 488.74 
ohains, andB=:34'>ll'. 

logsin C = log e + log Bin J3 - log b 

= 2.68461 + 9.74961 - 2.57910 
= 9.86611 = Z am 46° 46'; 
.-. a = 46« 46', or 180° - 46° 46' = 184° 16' . 

Since b is less than c, each of these yalues is admissible. 
WhenC= 46° 46', then ^ = 100° 4'. 
When C = 134° 16', then A = 11° 34'. 

Example 2. Find A and C, when b = 483.74 chains, c = 379.14 chains, and 
J = 34° 11'. 

log Bin C = log c + log sin J3 — log 6 

= 2.6791 +9.7496148-2.68461 
= 9.64411 = log sin 26° 9' ; 
.-. C = 26°9', or 180° -26° 9' = 168° 61'. 
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Since b is greater than c, O must be less than 00°, and the larger value for C 
is inadmissible. 

[It is also clear that (163° 61' + 34° 11') is > 180°.] 

.-. (7 = 26° 9', -4 = 119° 40'. 

BXAMPIiES. XXXVn. 

1. Discuss the following problems, using the method of Art. 163. 

(a) B = 46°; c = 12; 6=V60. (b) J3 = 46°; c = 10; 6 = VSO. 

(c) J3 = 46°; c= VS; 6 = VSO. (d) B = 46°; c=V76; b = V&5. 

2. If B = 40°, b = 140.6 ft., a = 170.6 ft. Find A and C. 

8. Find B, C, and c, having given that A = 60°, 6 = 97, a = 119. (See 
Bx.2.) 

4. If C = 30°, b = 100, c = 46, is the triangle ambiguous ? 

157. It is sometimes easier to use natural sines, cosines, and 
tangents (Art. 136), than to use processes of computation involving 
logarithms. The theoiy of the solution of triangles is the same in 
either case, and it is only a question as to which process involves 
the greater amount of labor, to perform the indicated arithmetical 
processes, or to use logarithms. 

Example, a = 60, -4 = 78°, J = 27° : find 6. 



We have 


^ _ sin B_ g^ sin27° _60 x 4640 
sin^ sin 78° 9781 




.-.6 = 23.1. 



MISCELIiANEOUS EXAMPLES. XXXVm. 

1. Find A when a = 374.6, b = 676.2, c = 769.3 feet. 

2. Find B when a = 4001, b = 9760, c = 7942 yards. 

8. Find C when a = 8761.2, b - 7643, c = 4693.8 chains. 

4. Find B when A = 86° 19', b = 4930, c = 6471 chains. 

6. Find C when B = 32° 68', c = 1873.5, a = 764.2 chains. 

6. Fmd c when C = 108° 27', a = 36641, b = 89170 feet 

7. Find c when B = 74° 10', C = 62° 46', b = 3720 yards. 

8. Find b when B = 100° 19', C = 44° 59', a = 1000 chains. 

9. Find a when B = 123° 7' 20", C = 16° 9', c = 9964 yards. 
Find the other two angles in the six following triangles : 

10. O = 100° 37', b = 1460, c = 6374 chauis. 
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11. C = 62'' 10', & = 643, c = 872 chains. 

12. A = 76° 2' 30", 6 = 1000, a = 2000 chains. 
18. O = 54° 23', h = 873.4, c = 762.8 feet.. 

14. C = 18° 21', 6 = 674.6, c = 260.7 chains. 

16. A = 20° 11' 43", h = 7034, a = 4370 feet. 

16. The difference between the angles at the base of a triangle is 17° 48', 
and the sides subtending those angles are 105.26 feet and 76.75 feet ; find the 
third angle. 

17. If 6: c = 4:5, a = 1000 yards and -4 = 37° 10' ; find 6. 

The student will find some Examples of Solution of Triangles without the 
aid of logarithms, in Examples XLII. 

1S& To find the Area of a Triangle. 





In either figure 
Let A = area of triangle ABC, 
Let CD be perpendicular to AB. 
Let length of CD =p> 

A = |cp; (Geom.) 

.-. A = ^a8inJ5-c = ^acsin5; 

or A = ^6 8in-4« c = ^6csin-4. 

Similarly, if BD^ is perpendicular to -4(7, 

A = ^ a& sin (7. 
In words : 

The area of a triangle equala the continued product of any two sides 
and the sine of the angle included by them. 



159. By i., Art. 116, sin^l = f- x V«(« - a)(« - h)(s - c) ; 

oc 



A = V«(» - a){s — h){s -c)=8. 



(Art. 113.) 



102 TRIGONOMETRY FOR BEGINNERS 

160. Data^ sufficient for the solution of a triangle, may be given 
in other terms than that of sides and angles, as in the four cases 
considered. 

e,g. The triangle is determined when there are given area and 
two angles. 

For, suppose in triangle ABC^ we are given A, A, B, 

2A 



acsin^ = 2A. .-. ac = 



sin£ 



^ c sm ^ . • 2 A sin O 
Sin C sin ul sin ^ 

See the following list of exercises for similar examples : 



BXAMPIjBS. 

1. Show that the triangle is determined when there are given : axea, one 
angle, and side opposite the angle. 

9. Find the area of the triangle ABC when 

(L) a = 4 feet, 5 = 10 feet, C = 30°. 

(iL) 5 = 5inches, c = 20 inches, ^ = 60^ 

(iU.) c = 66} yards, o = 16 yards, B = 17^4' [shi 17° 14' = .2Wa6j. 
(iY.) = 13, 6 = 14, c = 16. 

(y.) a = 10 feet, the perpendicular from A on BC = 20 feet. 
(▼L) a = 625, & = 606, c = 004. 



CHAPTER XVI 

ON THE MEASUREMENT OF HEIGHTS AND DISTANCES 

ISL By the aid of the solution of triangles 
we can jBnd the distance between points which are inaccessible; 
we can calculate the magnitude of angles which cannot be practically 

observed ; 
we can find the relative heights of distant and inaccessible points. 

The method on which the trigonometrical survey of a country 
is conducted affords the following illustration : 

162. To find the distance between two distant objects. 
Two convenient positions A and B^ on a level plain as far apart 
as possible, having been selected, the distance between A and B is 




measured with the greatest possible care. This line AB is called 
the base line. 

Next, the two distant objects, P and Q (church spires, for 
instance), visible from A and By are chosen. 

The angles PAB, PBA are observed. Then by Case II. Ch. 
XV., the lengths of the lines PA, PB are calculated. 

Again, the angles QAB, QBA are observed ; and by Case II. the 
lengths of QA and QB are calculated. 

Thus the lengths of PA and QA are found. 

The angle PAQ is observed ; and then by Case III. the length 
of PQ is calculated. 

103 
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Thus we are able to find not only the length FQ, but the angle 
which FQ makes with any line in the figure. The points F and Q 
are not necessarily accessible, the only condition being that F and 
Q must be visible from both A and B. 

163. In practice, the points F and Q will generally be accessible, 
and then the line FQ, whose length has been calculated, may be 
used as a new base to find other distances. 

164. To find the heigM of a distant object above the point oj 
observation. 

Let B be the point of observation ; F the distant object. Prom 
B measure a base line BA of any convenient length, in any conven- 
ient direction; observe the angles FAB, FBA, and by Case II. 
Ch. XV. 




B 

Fig. 66. 

calculate the length of BF. Next observe at 5 the ' angle of eleva- 
tion^ of F\ that is, the angle which the line BF makes with the 
horizontal line BM, M being the point in which the vertical line 
through F cuts the horizontal plane through B. 

Then FM, which is the vertical height of F above B, can be cal- 
culated, for FM=: BF' sin MBF 

ExAMPLB 1. The distance between a church spire A and a milestone B is 
knovm to be 1764.3 /e«<; Cis a distant spire. The angle CAB U 94*' 64', and 
tAe angle CBA is ea"* 39' ; find the distance of Cfrom A. 

ABC Ib a triangle, and we know one side, c, and two angles {A and B), 
and therefore it can be solyed by Case 11. Ch. XV. 

The angle ACS = 180° - 94*» 64' - 66° 39' = 18° 27'. 

Therefore the triangle is the same as that solyed in Art. 148. Therefore 
^0 = 6118.2 feet. 

ExAMPLB 9. If the spire C, in the last example, stands on a hill, and the 
angle of elevation of its hig?iest point is observed at A to be 4° 19' ; find hovs 
much higher C is than A. 
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The required height x = AC • sin 4° 19' and AC in 5118.2 feet ; 
.-. log jB = log (^AC • sin 4° 19') 

= log 6118.2 + log sin 4'' 19' - 10 
= 3.70911 + 8.87661 
= 2.68573 = log 385.24. 
.-. X = 386 ft. 3 in. nearly. 

BXAMPIiES. XL. 

(EZAMFLBS VII. CONSIST OF EaST EXAMPLES ON THIS SUBJBCT.) 

1. Two Straight roads, inclined to one another at an angle of 60^, lead from 
a town A to two villages B and C; Bon one road distant 30 miles from A, and 
C on the other road distant 15 miles from A, Eind the distance from B to C. 

Ans. 25.98 m. 

2. Two ships leave harbor together, one sailing N.E. at the rate of 7} miles 
an hour, and the other sailing north at the rate of 10 mUes an hour. Prove that 
the distance between the ships after an hour and a half is 10.6 miles. 

8. A and B are two consecutive milestones on a straight road, and C is a 
distant spire. The angles ABC and BAG are observed to be 120° and 45° re- 
spectively. Show that the distance of the spire from A is 3.346 miles. 

4. If the spire C in the last question stands on a hill, and its angle of 
elevation at ^ is 15°, show that it is .896 of a mile higher than A, 

5. If in Question (3) there is another spire D such that the angles DBA 
and DAB are 45° and 90° respectively and the angle DAC is 45°, prove that 
the distance from C to 2> is 2} miles very nearly. 

6. A and B are two consecutive milestones on a straight road, and C is the 
chimney of a house visible from both A and B, The angles CAB and CBA are 
observed to be 36° 18' and 120° 27', respectively. Show that C is 2639.5 yards 
from B. 

7. A and B are two points on opposite sides of a mountain, and C is a 
place visible from both A and B. It is ascertamed that C is distant 1794 feet 
and 3140 feet from A and B, respectively, and the angle ACB is 58° 17'. Show 
that the angle which the line pointing from AtoB makes with AC \a 86° 55' 49". 

8. A and B are two hill-tops 34920 feet apart, and C is the top of a distant 
hill. The angles CAB and CBA are observed to be 61° 53' and 76° 49', re- 
spectively. Prove that the distance from ^ to C is 51515 feet. 

log 34920 = 4.54307 ; log sin 76° 49' = 9.98840 ; 

log 61616 = 4.71193 ; log cosec 41° 18' = 10.18045. 

9. From two stations A and B on shore, 3742 yards apart, a ship C is 
observed at sea. The angles BAC^ ABC are simultaneously observed to be 
72° 34' and 81° 41', respectively. Prove that the distance from A to the ship is 
8622.7 yards. 

log 3742 = 3.57310 ; log sin 81° 41' = 9.99640; 

log 8622.7 =r 3.90057 ; log cosec 25° 45' = 10.36206. 
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10. The distance between two mountain peaks is known to be 4970 yards, 
and the angle of elevation of one of them when seen from the other is 0° 14'. 
How much higher is the first than the second ? Sin 0° 14' = .16045. 

Ans. 707.6 yards. 

11. Two straight railways Intersect at an angle of 60®. From their point of 
intersection two trains start, one on each line, one at the rate of 40 miles an 
hour. Find the rate of the second train that at the end of an hour they may be 
35 mUes apart Ana. Either 25 or 15 miles an hour. (Art. 153.) 

19. A and B are two positions on opposite sides of a mountain ; C is a point 
visible from A and B ; AC and BC are 10 miles and 8 miles, respectively, and 
the angle BCA is 60^ Prove that the distance between A and B is 9.165 miles. 

18. A and B are consecutive milestones on a straight road ; C is the top 
of a distant mountain. At A the angle CAB is observed to be 38® 19' ; at 
B the angle CBA is observed to be 132® 42', and the angle of elevation of C 
at JB is 10® 15' ; show that the top of the mountain is 1243.5 yards higher 
thanS. 

log sin 38® 19'= 9.79239; log 1760 = 3.24551 ; 

log cosec 8® 59' = 10.80646 ; log 1243.5 = 3.09465 ; 

log sin 10® 15'= 0.25028. 

14. A base line AB^ 1000 feet long, is measured along the straight bank 
of a river; C is an object on the opposite bank; the angles BAC and CBA 
are observed to be 65® 37' and 53® 4' respectively ; prove that the perpendicular 
breadth of the river at C is 829.87 feet. 

15. ^ is the foot of a vertical pole, B and C are due east of A, and D is 
due south of C. The elevation of the pole at B is double that at O, and the 
angle subtended by AB at JD is tan-^f Also BC = 20 feet, CD = 30; find 
the height of the pole. —Hobson^s Trig. 

10. Two towers, one 200 feet high, the other 150 feet high, standing on 
a horizontal plane, subtend, at a point in the plane, angles of 30® and 60® respec- 
tively. The horizontal angle that their bases subtend at the same point is 120® ; 
how far are the two towers apart ? 

17. The diagonals of a parallelogram are in length d^ and dt, the angle 
between them is (p ; show that the area of a parallelogram is } d^dt sin 0. 

18. A man walking along a straight road at the rate of three miles an hour 
sees in front of him at an elevation of 60® a balloon which is travelling horizon- 
tally in the same direction at the rate of six miles an hour ; ten minutes after 
he observes that the elevation is 30®; prove that the height of the balloon above 
the road Ib 440 V3 yards. 

19. A person standing at a point A^ due south of a tower built on a horizon- 
tal plain, observes the altitude of the tower to be 60®. He then walks to a point 
B due west from A and observes the altitude to be 45®, and then at the point 
C in AB produced he observes the altitude to be 30® ; prove that AB = BC 

80. The angle of elevation of a balloon, which is ascending uniformly and 
vertically, when it is one mile high is observed to be 35® 20'; 20 minutes later 
the elevation is observed to be 55® 40'. How fast is the balloon moving ? 

Am, 3(sin 20® 20') (sec 55® 40') (cosec 35® 20') miles per hour. 
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91. A tower stands at the foot of an inclined plane whose inclination to 
the horizon is 0° ; a line is measured up the incline from the foot of the tower 
of 100 feet in length. At the upper extremity of this line the tower subtends 
an angle of 64^ ; find the height of the tower. Ana. 114.4 feet. 

82. The altitude of a certain rock is observed to be 47°, and after walking 
1000 feet towards the rock, up a slope inclined at an angle of 32° to the horizon 
the observer finds that the altitude is 77° ; prove that the vertical height of the 
rock above the first point of observation is 1034 feet. Sin 47° = .73136. 

88. At the top of a chimney 160 feet high standing at one comer of a tri- 
angular yard, the angle subtended by the adjacent sides of the yard are 30° and 
46° respectively ; while that subtended by the opposite side is 30° ; show that 
the lengths of the sides are 160 feet, 86.0 feet, and 106 feet respectively. 

84. A flagstafi! h feet stands on the top of a tower. From a point in the 
plane on which the tower stands, the angles of elevation of the top and bottom 
of the flagstaff are observed to be a and fi respectively ; prove that the height 

of the tower is ^^^^^A22i« feet 
sin (o — fi) 

86. The angular elevation of the top of a steeple at a place due south of it 

is 46°, and at another place due west of the former station and distant a feet 

from it the elevation is 16° ; show that the height of the steeple is ^(3^ ~ 3"^) 

feet 



♦CHAPTER XVII 
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165. To find the radius of the Circaiiiscribing Ciitle. 

Let a circle AA^CB be described about the triangle ABC. Let B 
stand for its radius. Let be its centre. Join BO, and produce it 
to cut the circumference in A*, Join A^C. 

Then^ Fig. I., the angles BAG, BAG in the same segment are 
equal ; Fig. XL, the angles BAG, BAG are supplementary ; also the 
angle BGA in a semicircle is a right angle. 




Therefore, ^^ = sin GAB = sin GAB = sin A, 
A'B 



or. 



5^=sin.4; ...212 = ^. 
2E sin J. 



166. Similarly, it may be proved that 



Hence, 



2i2 = -Ar; and that 2 12 = -^7^ 
BmB sine; 



sin ^ sin jB sin G 
108 



= 2^. 
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Thus dj the value of each of these fractionsi is the diameter of 
the circumscribing circle, which is another proof of the "law of 
sines," viz. 



sin J. sin B sin (7 
167. To find the radius of the Inscribed Circle. 
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^ 



Fig. 58. 

Let D, J^, ^ be the points in which the circle inscribed in the 
triangle ABC touches the sides. Let / be the centre of the circle ; 
let r be its radius. Then ID = IE = IF=: r. 

The area of the triangle ABC 

= area of IBCh- area of ICA + area of lAB. 
And the area of the triangle IBC= \ID • JB(7= \T'a\ 
.-. areaof ulB(7= I JD.jB0 + ^JJE?.C4 + |ZP.ulB 

or, A=:|^r(a + 6 + c)=|^r • 2a = r«. 

8 8 

168. A circle which touches one of the sides of a triangle and 
the other two sides produced is called an Escribed Circle of the 
triangle. 

169. To find the radius of an Escribed Circle. 

Let an escribed circle touch the side BC and the sides ACj AB 
produced in the points A9 ^u ^i respectively. Let /i be its centre, 
Ti its radius. Then 
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The area of the triangle ABC 

= area of ABI^C — area of I^BCj 
= area of I^GA + area of I^AB — area of IiBG\ 
or, A = i Ji-Ki 'CA + ^I^F^'AB- ^I^D^ . EC, 

= ln(6 4-c-a)=^n(2«-2a)=ri(«-a). 
A S 



ri = 



8— a «— a 



Similarly if r^ and r, be the radii of the other two escribed circles 
of the triangle ABO, then 

S 8 

8— O «— C 

17a To cakvlcOe tJie length8 AE, AEi, AFi, 

AE'{'JSO+CD + DB + BF+ FA = 2«. (Fig. 68, Art. 167.) 
But AE=zAF, 

DB = BF (tangents to the same circle from a given point). 

.-. AE+CD + BD = 8, or AE + a=:8. 

.-. AE=:8 — a, 
From similar triangles, 

.-. AEi = 8=:AFi. 

BSXAMPIiBS. XLI. 

1. Show (i.) CD = EC = i8-c^; (u.) BF= BD=:8 -b; (iii.) DDi = 
nomerical difference of b and c. 

8. Find the radii of the inscribed and each of the escribed circles of the tri- 
angle ABC when a = 13, & = 14, c = 16 feet. 

8. Show that the triangles in which (i.) a = 2,A = 60°; (ii.) & = f . Vf, 
JB = 30° can be inscribed in the same circle. 

4. Prove that 5 = j^ ; find J? in the triangle of (8). 

4 S 

5. Prove that if a series of triangles of equal perimeter are described about 
the same circle, they are equal in area. 

6. Mu4 = 60^ a = V3, 6=\^, prove that the area = J (3 + \/3). 
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7. Prove that each of the following expressions represents the area of the 
triangle ABC-. 

(i.) ^. (V.) i a« sin B . sm C . cosec A, 

(ii.) 2 i?^ sin ui • sin B • rin C. (▼!.) ra cosec } ui cos ^ B cos } C 

(iu.) r«. (vii.) (rrnr^rz^K 

(iv.) J?r(sin^+sinJB+smC). (viU.) J(a«-6«)sin^.BinB.co8eo(ii-J5). 

Prove the following statements : 

8. K a, &, c are in A.P., then oe = 6 rB. 

9. The area of the greatest triangle, two of whose sides are 60 and 60 feet, is 
1600 sq. feet. 

10. K the altitade of an isosceles triangle is equal to the base, B is five-eighths 
of the base. 

171. We give here a geometrical proof of the following proposi- 
tions. 

Prop. L To prove thai 

cos ^ = 2 co8*i^ - 1 = 1 - 2 8in«| A (See Art. 91.) 




Let XOP be the angle A ; with as centre and any radius OX 
describe the semicircle XPL\ join PL, PX, and draw PM perpen- 
dicular to LOX. 

Then POM^ OLP + OPL = 2 OZr 

.-. OLP==iPOM=:iA. 

OM LM-LO 2LM OP 



Now, cos ^ s= 



OP OP 2 OP OP 



= 2.^. |^-l = 2co80iP.cosOiP-l 
LP LX 

= 2cos*i^-l (i) 

= 2(l-sin«i^)-l 

= l-2 8in*iA (ii.) 
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Pbop. n. Toprof^ sin J. = 2sin^^ • cos^^, 

-;« A MP ^ MP LP ^ MP LP 
OP LP 2 OP LP LX 

= 28m OZfP- C08 0ZrP=28m^^- cos^A 

(See Art 91.) 
Pbop. m. To prove thai in any triangle 




Let ABC be a triangle of wMdi the angle B is greater than C. 
Make the angle BCD = B and produce BA to D. 
In the triangle ACD inscribe the circle LMN, centre /, touching 
the sides in L, M, N; join IL, IM, IN, lA, IC. 

Then ICM= \ LCM= ^ {DCS - ACB) = |(J? - 0), 

IAM= \ DAC = i (180" - CAB) = (90» - i A), 

CM=CL=CD-LD = BD-ND = Bir=BA + AM; 

.: CM= H,CM+ BA + AM) = ^AC+AB) = i (6 + c), 

and AM=AC-CJIf=b-:^(b + c) = \(b-e). 

Hence 



taa- 

2 tanJOJf tanJCJf 



cot- " tan (90** -i^)"" tan Z4if 
2 

IM 

CM_AM_ i(b'-'C) _b-e 
""/«;"" CJf"i(6 + c) "ft + c 
AM 



Q.B.D. 



172. If a line CF, drawn from the vertex C, of a triangle ABC, 
divides the vertical angle into two angles y and y\ and the base into 
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two corresponding segmentSi m^ m\ and if OF makes the angle $ 
with the base, then (tn + tn') cos == m cot y — tn'cot/. 

(Minchin's Statics, § 36.) 

C 




sin^ siny siny 

_ m (sin $ cos y —sin y cos tf) , 
~ siny, ' 

also CF ^ ^'^^^ ^ m^(8in tf cos y^ 4- sin y^ cos tf) 

' "" siny' "" siny' 

Equate these valnes of OF. 

m (sin tf cot y — cos tf) = m'(sin 0coty' + cos 6f) ; 

.". (fllH-m')C0ttf = WCOty — w'coty'. (1) Q.E.D. 

Corollary. I. Suppose OF is a median ; then 

m= m', 2cot0 = coty — coty'. (2) 



II. Suppose C7^ bisects angle O; n 

cot — 
m + m' c 2 



(3) 



m — m' m — m^ cot $ 
in. Suppose CFiB perpendicular to the base; then 

cottfssO, m'coty'sstnooty. (4) 

This is evident geometricallj. 
ExxRciBB. Show that 

(m + m') cot 9 = m' oot^ — m cotB. (6) 

173. Let ABC be any triangle, and ADj BE, CF the medians 
drawn from Aj B, C respectively. Let AlD divide the angles A 
into two angles a, a' ; BE divide angle B into j3, P*, and CF divide 
angle C into y, y'. 

From (2), 2 cottf = cot y — cot y'. 

From (6), 2cot^ = cot^~cot^; 

.*. COt-4 — COt-Bs=0Oty — COty'. 
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Similarly, cot JB — cot (7 = cot a — cota'; 

cot G— cot-4 = cot)8 — cot j8'. 
Adding these equations, we obtain 

cota -h cot j8 + coty = cot a' H- cot j8' + coty'. 

C 




BZAMPLBS. XLn. 

M18CBLLANBOU8 EXEBCISBft. 

1. Define the terms sine, cotangent ; and prove that if ^ be any angle, 

Bin* A + coa^ A = 1. 
If tanii = I, find sinui and cos A. 

2. Find the sine, cosine, and tangent of 30°. 

In a triangle ABC, the angle C is a right angle, the angle A is 60^, and the 
length of the perpendicular let fall from C on AB is 20 feet ; find the length of 
AB, 

8. Prove geometrically that cos (180° — ^) = — cos ii. 

4. Prove (1) 8in(-4 + JB) .sin(^- JB) = sin«-4-sin«B; 

sinui + BinJg _ tan^(ii-t-JB) 
^^ 8inu4-sin5""tanJ(^--B)" 

5. Prove that 

coB^A - cos^cos(eO° + A)+ sm«(30° - A)=: }. 

6. Find the greatest side of the triangle of which one side is 2183 feet and 
the adjacent angles are 78° 14' and 71° 24'. 



7. Express the other trigonometrical ratios in terms of the cosine. 

8; Prove sin (180° + ^) = - sin -4 ; 

tan (90° + -4) = - cot A 

9. Write down the sines of all the angles which are multiples of 30° and 
less than 300^. 

10. Prove ^,^^ l^cos2^ , 

l + cos2u4 
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11. II tan A + Bee A = 2, prove that sin ui = J, when A is less than 90^. 

If sin ^ = f , prove that tan ^ + sec ^ = 3, when A is less than 90°. 

18. The length of the greatest side of a triangle is 1035.43 feet, and the 
three angles are 44"", ee"", and TO"". Solve the triangle. 

18. Express the other trigonometrical ratios in terms of the cotangent. 

14. Prove that cosec(180° + -4) = - cosecui. 

15. Write down the tangents of all the angles which are multiples of 30° 
and less than 360°. 

16. K tan^ + secui = 3, prove that sin^i = f, when A is less than 90°. 
If sin^ = f, prove that tan ^ + aecA = 2, when A is less than 90°. 

17. Find the sines of the three angles of the triangle whose sides are 193, 
194, and 196 feet. 

18. Investigate the following formulae : 

(1) cos ^ = (2 cosui - 1) cos Ju4 ; 

2 

(2) co8« - cos (^ + «) = sin tf sin « (1 + cot^tan J«). 



19. Define the secant of an angle. 

Prove the formula — —7 + 3-7 = L 

sec^ A cosec^ A 

If sin^ = |, find sec.^ 

80. Find the logarithms of V(M); and of .03125 to the base \^. 

81. Express the sine, cosine, and tangent of each of the angles 1902°, 2376°, 
2844°, in terms of the trigonometrical functions of angles lying between 
and 45°. 

88. Prove the formula to express the cosine of the sum of two angles in 
terms of the sines and cosines of those angles. 
Express 00s 5 a in terms of cos a. 
88. Find solutions of the equations 

(i.) sec«coBec«-cot^ = V3; 
(U.) sin2«-sintf = cos2« + cos«. 
84. A ring 10 inches in diameter is suspended from a point 1 foot above its 
centre by six equal strings attached to its circumference at equal intervals ; find 
the cosine of the angle between two consecutive strings. 



85. Define 1°. Assuming that ^ is the circtilar measure of two right angles, 
express the angle A° in circular measure. 

Find the number of degrees in the angle whose circular measure is .1. 

86. Find the trigonometrical ratios of the angle whose cosine is f 

87. Prove that (1) cos (180° + A)=coa (180° - A) ; 

(2) tan (90° + ^) = cot (180° - A). 
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St. Prove 8in«(2co8«-l) = 28in5coB^. 

2 2 

St. Ezpreas logio6.832, logio \^(36), and logio.3048 in terms of logio2, 
logioS, logioT. 

to. If the angle opposite the side a be 60^, and if 6, e be the remaining 
sides of the triangle, prove that 

(a + 6 + c)(6 + c - a)-Zbe, 



tl. Assnmlng ^ to be the circolar measare of two right angles, express in 
degrees the angle whose droular measare is 0. Find the number of degrees in 
an angle whose circolar measare is I. 

tS. Show from the definitions of the trigonometrical fonctiim that 

sln*^ + cot^^ + oo^A = cosec*^ 
Proyethat tan^^-aecj-f l^secii + 1^ 

tanui + aec^ — 1 tan^ 

tt. Prove 8inx(2oosa;+l)=2co8^8in^. 

t4. Find the logarithms of V(27) and .037 to the base \^. 
tt. If (8inii + sinJ? + 8inC)(smui + 8hiB-sinC)=3siniisinJB, and 
A + B+ = 180°, prove that = 6(y». 

tt. Given A = 18% B = lU"*, and 5 = 1 ; solve the triangle. 



t7. Give the trigonometrical definition of an angle. 

What angle does the minute-hand of a clock describe between twelve o^dock 
and 20 minutes to four ? 

tt. Express the cosine and the tangent of an angle in terms of the sine. 
The angle A is greater than 90°, but leas than 180°, and sin^i = | ; find cos ii. 
tt. Find all the values of $ between and 2 w for which cos9 + oos2tf=:0. 

40. If in a triangle a cos ^ = 5 cos JB, the triangle will be either isosceles or 
right-angled. 

41. The sides are 1 foot and >/3 feet respectively, and the angle opposite to 
the shorter side is 30° ; solve the triangle. 

4S. The sides of a trian^^e are 2, 3, 4 ; find the greatest angle, having given 

log 2 = .30103, 

log3 = .47712, 
logtan62° 16' = .11110, 
log tan 52° 14' = .11083. 



4t. Distinguish between Euclid's definition of an an^e and the trigono- 
metrical definition. 

What angle does the minute-hand of a clock describe between half-past four 
and a quarter-past six ? 
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44. Ezpreas the sine and the cosine of an angle in terms of the tangent 
The angle A is greater than 180^, hut less than 270^, and tan il a (. Find 
sin j1. 

46. Prove (i.) 8in2^= *«*-^ 



1 + col^^ 
(ii) Show that if -4 + B+C = W*, 

sin 2 ^ + sin 2 J? + 8hi 2 O = 4 COS ii cos B COS C. 

46. Find all the values of B between and 2 *>, for which 

shitf + 8in2tf = 0. 

47. If in a triangle 6 cos^ s: a cos JB, show that the triangle is isosceles. 

48. The sides are 1 foot and VS feet respectiyelj, and the an^e opposits to 
the shorter side is 30^. Solve the triangle. 



48. Express in degrees, minutes, and seconds (1) the angle whose ciroolar 
measure is ^ir ; (2) the angle whose circular measure is 6. 

If the angle subtended at the centre of a circle by the side of a regular 
heptagon be the unit of angular measurement, by what number Is an an^e of 
46^ represented ? 

50. Prove that 

(Bin 90» + cosSO^') (sin 120^ + cos 120'')= sin 80". 

51. Prove the formulae : 

(1) COi|S(a + ^)-8in'a=:0OS/B00S(2«+/B); 

(2) 1 + cot«cot|a = cosec«cotia. 
58. Find solutions of the equations : 

(1) 5tanSx-secSx=:ll; (2) sin6tf-sin8a = VS.oos4a. 

58. Two sides of a triangle are 10 feet and 16 feet in length, and the an|^ 
between them is 30°. What is its area ? 

64. Given that 

sin 40° 29^=1 0.64022, sin 40° 80' == 0.64844 ; 
find the angle whose sine is 0.64080. 



55. Express in dreular measure (1) 10'; (2) | of a rigfit an|^. 

If the angle subtended at the centre of a dide by the side of a regular 
pentagon be the unit of angular measurement, by what number Is a rl^t angle 
repiesented f 

56. If sec « = 7, find tan « and oosee «. 

57. Prove the formula : 

(1) coi^(«-/B)-slnS(« + A=<»6>«<»6>/B; 

(2) l + tan«tani«ssee«. 

58. Find solutions of the equations: 

(1) 5tanSa; + sec^a; = 7; (2) cos69+ eos8tf =: \/3.oos4tf. 
58. The lengths of the sides of a triangle an 8 feet, 6 feet, and 6 feet 
What is its area? 
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60. Given that 

8iiid8»26'=0.e2137; sin SS^' 26' = 0.62160 ; 
find the angle whoie sine is (0.62150). 



61. Which is greater, Te"" or 1.2« ? 

62. Determine geometrically cos 30° and cos 46^ 

If sin ^ be the arithmetic mean between shi B and cos JB, then 
co8 2u4 = co8«(J5 + 46°). 

65. Establish the following relations : 

(1) tan«u4-8in«^ = tan«^8in«^; 

(2) cot^ — cot2^ = cosec2^; 

ra^ rin(g-t-8y)+8in(3x + y) _ 

(^> Sin2x + sin2y -2co8(a5 + y). 

6t. Express logio V(28), logio 3.888, logio.1742 in terms of logio3, logia6, 
logioT. 

66. FroYS that sin (ii 4- JB) = sin ui cos B 4- cos .1 sin B, and deduce the ex- 
pression for cos (^ 4- JB). 

Show that 

8in^cos(JB+ C)-BinJBcos(^+ C) = sin (-4 - J?) cos C 

66. One side of a triangolar lawn is 102 feet long, its inclinations to the 
other sides being 70° 30', 78° 10', respectively. Determine the other sides and 
the area, log sin 70° 30' = 0.974, log 102 = 2.000, log sin 78° 10' = 9.900, log 185 
= 2.267, log sin 31° 20' = 9.716, log 192 = 2.283, log 2 = .301, log 9234 = 3.965. 



67. Which is greater, 126° or the angle whose circular measoie is 2^3 ? 
66. Establish the following relations : 

(1) co^A-coe^A^cot^Aoos^A; 

(2) tan ^ 4- cot 2 ^ = cosec 2 A ; 

xoN C08(aj — 3y)— co8(3x — y) « , , . 

(3) ^^ — . /^ . — r-s ^ = 2 sin (« - y). 

^ ^ sm 2 X 4- sm 2 y *^^ 

60. Given logio 2 = .3010800, log ipO = .9542425 ; find without ushig tables, 
logio5, logio6, logio .0216, and logio \^(.375). 

70. Prove that sin 30° 4- sin 120° = V2 cos 15°. 

71. Establish the identities: 

(1) 1 4- C0S.4 + sin-4 = V2 (1 4- cos-4)(l + siuui) ; 

* « ^ cosec^^ 

(2) C08ec2^= — =; 

2Vcosec2^-l 

(3) 8in^ + 8ini^-8in^ = 48in^8in?i:sin5^. 
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78. The sides of a triangular lawn are 102, 185, and 192 feet in length, the 
smallest angle being approximately SV 20'. Find its other angles and its area. 

log 102 = 2.009, log sin 81° 20' = 9. 716, 

log 186 = 2.267, log sm 70° 30' = 9.974, 

log 192 = 2.283, log sin 78° 10' = 9.990, 

log 2 = .301, log 9234 = 3.965. 



78. If the circumference of a circle be divided into five parts in arithmetical 
progression, the greatest part being six times the least, express in radians the 
angle each subtends at the centre. 

74. Define the sine of an angle, wording your definition so as to include 
angles of any magnitude. 

Prove that sm (90° + A) = cos A, 

and cos (90° + -4)=- sin ^, 

and by means of these deduce the formulae 

sm(180° + ^) = -smu4, cos(180° + ^)=- cos^. 

75. Prove the f ormulsB : 

(1) cot?» A = cosec« A-1; 

(2) cot* A + cot* A = cosec* A — cosec' A, 
Verify (2) when A = 80°. 

76. Evaluate to 4 significant figures by the aid of the table of logarithms 

^x ^.(008931). 

77. If sin B be the geometric mean between sin A and cos Ay then 
C082J5 = 2co^(il+45°). 

78. The lengths of two of the sides of a triangle are 1 foot and y/2 feet 
respectively, the angle opposite the shorter side is 30°. Prove that there are two 
triangles which satisfy these conditions ; find their angles, and show that their 
areas are in the ratio ^^ + 1 : V^ *- 1. 



79. If the circumference of a circle be divided into six parts in arithmetical 
progression, the greatest being six times the least, express in radians the angle 
each subtends at the centre. 

80. Define the tangent of an angle, wording your definition so as to include 
angles of any magnitude. 

Prove that tan (90° + ^) = — cot A, and by means of this formula deduce 
the formula tan (180° + -4) = tan A, 

81. Compute by means of tables the value of 

88. Prove that cos (A + B)= cos A cos B - sin A sin B, and deduce the 
expression for sin (J. + JS). 

Show that cos A cos (B + C) — cos B cos (-4 + C ) = sin (A - B) sin C. 
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6S. Bftabllsh the identities : 



(1) 1 + coB^ -mA=: V2(l + coB-<l)(l - wmA) ; 

(2) fec2ii = -??^4-;5 

(3) cos^+coei^ + oo8^+4coe^oo8^eo8^ + l=0. 

7 7 7 777 

8ft. Two adjacent sides of a panllelogram 6 in. and 3 in. long Tespectiyely, 
include an angle of W*. Find the lengths of the two diagonals and the area of 
thefigaie. 

86. Investigate the following formuIsB : 

(1) sin^=(l + 2cos^)shi}il; 

2 

(2) sin(tf + a}-8mtf=:oostfsbia(l~tantftan}a). 
88. Ftovethat 

(1) sfail0° + sin60° = 8fai70°; 

(2) V8 + tan40*' + tan8(y»= VStaniO^tanfiO^; 

(3) ifii+B+0=18(y, 

sin^ — 8inBco8C _ 8mJ?>-Bin^co8C 
cosB cos^ 

87. Frore by means of the logarithmic table that 

-J— = 1.W6 nearly. 
78""* 

88. The length of one side of a triangle is 1006.62 feet and the adjacent 
angles are 44° and 70°. Solve the triangle, having given 

X sin 44° = 9.8417713, L sin 70° = 9.9729858, 

X sin 66° = 9.9607302, log 1006.62 = 3.0028666, 

log 7654321 =: 6.8830067, log 103543 = 5.0151212. 



88. Find the length of the arc of a circle whose radios is 8 feet which 
subtends at the centre an angle of 50°, having given 

w = 3.1416. 

80. Prove that shi^ = - sin (u4- 180°). 

Find the sines of 30° and 2010°. 

91. Given that the integral part of (3.1622)io<»oo contains fifty thousand 
digits, find logio 31622 to five pUces of dedmals. 

88. Prove that 

(1) co^ii + co^B-2coBiicosJBcos(ii + JB)=:8in3(^+B); 

(2) coi^ii + 8inSiicos2B=co8^B + 8in*J9cos2A 
98. Prove that in any triangle 

a*cos2 JB + 6Scos2il = a> + 6" - 4adsin.A shi B. 

9ft. If a = 128, J9 + 29° 17', C= 185°, find e, having given 

log 123 =2.0899051, log 2 = .3010800, 

log 3211 = 4.5066403, diff. for 1 = 1352, 

logsin 15° 43' = 9.4327777. 



CHAPTER XVIII 

BELATIONS AMONG THE SIDES AND THE ANGLES OF A 
SPHERICAL TBIANGLE 

174. The sacceeding pages contain a brief discussion of some of 
the properties of spherical triangles. 

For the sake of ready reference, we shall enumerate^ without 
proof, some properties of solid figures. The statements contained 
in sections 175-177 are proved in works on solid geometry, to which 
the student is referred. 

175. Definitions and Theorems. The curve of intersection of a 
plane and a sphere is a circle. 

When the plane of the circle passes through the centre of the 
sphere, their curve of intersection is called a great circle. 

One great circle can be passed through any two points on the 
surface of the sphere, and only one if these points are not extremities 
of a diameter of the sphere. 

A spherical figure is any part of the surface of the sphere 
bounded by arcs of great circles. 

A spherical polygon is a spherical figure bounded by more than 
two arcs. The arcs are called the sides of the polygon. The inter- 
sections of the arcs are called the vertices of the polygon. 

176L The angle between two great circles is measured by the 
angle between the tangents drawn to the circles at their point of 
intersection. This is called a spherical angle. 

The angle between two great circles equals the angle between 
their planes. 

177. Spherical Tbiakgles. A spherical triangle is a spherical 
polygon of three sides. 

Let ABC be a spherical triangle. 
Let be the centre of the sphere. 

121 
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By the letters A, B, O we shall indicate geometricaUy the three 
angular points of the triangle ABC\ algebraicaUyf the three angles 
at those points respectively. By the letters a, h, c we shall 
indicate the measures of the sides opposite A, B, C, respectively. 




Oy &; c are measured by the angles at the centre of the sphere, and 
hence they are measured in angular units; e.g. c is measured by 
angle AOB. 

We knoW| then, the following properties : 

1. * The sum of two sides of a triangle is greater than the third. 

2. The greatest side is opposite the greatest anglci and conversely. 

3. Any angle ^ < 180^ 

4. (^ + iB+O)<540^and>180^ 
6. Any side a < 180^ 

6. (a + 6H-c)<360^ 

7. A — B and a — & are of the same sign. 

8. A side which differs from 90^ more than another side is in 
the same quadrant as the angle opposite it. 

9. If A'B^O is the polar triangle of ABC, and if A^, B\ C? are 
its angles, and a\ b\ c' the corresponding sides, then 

^ = 180^ -a'; ^' = 180^ -a; 
5 = 180** -6'; J5' = 180**-6; 
O = 180°-c'; O'=180'-c. 

* Note. We know that in general three great circles intersect in such a 
way as to form eight spherical triangles ; and that at least one of these triangles 
satisfies the conditions of Art. 177. We shall consider only such triangles. 
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A 




Fig. 64. 

17& To prove cos a = cose cos 6 + sin 6 sine cos if. 
Let ABC be a spherical triangle. 

Let be the centre of the sphere^ and OA = OB = 0(7= radius 
of the sphere. 

In the plane AOB, draw ZrJlf perpendicular to OA. 
In the plane AOC, draw ZfJV perpendicular to OA. 
Then the plane angle MLN= A (Art. 176). 
In the plane triangles LMN^siA MON, 

MN*=^LM^ + LN^^2LS LNcosA. (Art. 107.) 

SN* = aS^ + ON^ -2 6M'ONcoQa, 

Equate these values of MN\ 

WP-LM^+ON^ --1^^2 03' OW cos a+ 2 LM'LNGoaA=^0, 

But 6M^ - LM^ =z OV, and ON* -LN^= OU"', 

.-. 2 QL" - 2 OSr. 0Ncosa + 2LM' LNcosA^O; 

or — • 4- • cos -4 = cos a: 

OM ON^OM ON ' 

t.e. cos c cos 6 + sin & sin c cos ^ = cos a. (a) 

179. By reference to Fig. 63 it is evident that the demonstration 
of the preceding article requires that c and h are each less than 90**, 
while a is unrestricted. 

Suppose, now, that one of the sides, &, say, is greater than 90^ 
Produce the great circles AC and BC. They intersect again in C\ 
Fig. 65. 
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Fm. 66. 

Consider now the triangle ABC. 

AB < 90° (hypothesis). 
^(7'=(180**-^C7)<90^ 
We can now apply the formula (a), of the preceding article, to 
ABC. Hence 

cosa'ss cos 6' cos c + sin 6' sin 008(180** — ^). (b) 

But cos a' = ~ cos a ; (Art 59.) 

and co8&' = — COS&; (Art 69.) 

and cos (ISC'* — -4) = — cos A. 

Substituting these values in (b) we obtain 

cos a = cos 6 cos c + sin & sin c cos A. 
Similarly, if both b and c are greater than 90°, it may be shown 
that cos a = cos b cos c + sin & sin c cos Al. 

So that (a) is true for all spherical triangles which we are consider- 
ing. Similarly we can express the other angles in terms of the 
sides. We therefore have this relation involving the sides and one 
angle. 

cos a =: cos &cosc+sin&sinccos^ ^ 

co8& = cosc cosa+sinc sinacos^, > (1) 

cosc=:cosacoB& + sinasin& cosC . 



Whence 



cos ^ as 



cosa — cos&cosc 



COS£=: 



sin&sinc 
cos&~cosccosa 



C08(? = 



sm c sin a 
cos c — cos a cos b 



sin a sin b 



(2) 
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The last two formulae of either set can be deriyed from the first 
one of that set by making a cyclical interchange of a into b, b into 
Cf c into a, and at the same time changing A into B, B into C, O 
into A. 



180. Toshx>wtluit 

sinif sinff sinC 



(3) 



sina 8in6 sine 
This is a relation involving the sides and the opposite angles. 
Pboof. Sin* -4 = 1— cos* A 

sin*6sin*c — (cosa — cosftcosc)* .. ^nt%\ 

= ; — 5-^ — -i — s • (Art. 17«l.) 

sin' sin' c ^ ' 

Substitute for sin* 6, 1 — cos* 6, and sin*c = l — cos*c, and re- 
ducing we obtain 

«;«« A 1 — cos*6 — cos*c — cos*a-f 2cosacos6cosc 

sin*6 8in*c 

Multiplying both sides of the equation by . , and extracting the 

sin' a 
square root of each side, we obtain 



sin A _ VI — cos* b — cos* c — cos* a -f 2 cos a cos b cos c 
sina sinasin&sinc 

In a similar way we might solve for ^^ — • But this is equivaJijefid 

sino 

to a cydkdl interchange of the letters as described in Art. 179. But 
an interchange of the letters changes the left side of the equation 

into ^^^. and leaves the right side unchanged. Hence 
sm& 

sin^ sin^ sinC 



sin a sin b sin c 

VI — cos* b — cos* c — cos* a 4- 2 cos a cos b cos c 



Q.E.D. 



sin a sin 6 sin c 

since A < 180^ and since a < 180** (Art. 177). 

Therefore sin^ and sina are positive. Therefore there is no 
ambiguity of sign. 

181. We shall add a geometrical proof of the theorem. 
Take L any point in OA. From L let a perpendicular fall on 
plane COB, piercing it in G; from Q draw QM and GN perpe*^ 
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dicalar to OB and OC respectively. Join L and Jf ; join L and N. 
Then LM± OB, and LN± OC. (Geam.) 




Angle B is measured by angle LMO. 
Angle G is measured by angle LNG. 

LM' sin B::=^LG-LNsmC; 
LM^OL sin AOB = Oi sin c; 
LN-OL%mAOG^OLmLh', 

.'. OL sin C sin £ s= OL sin 6 sin e. 

. sin B __ sin G 

' ' sin & sin c 

IBS. If A^B^O be the polar triangle of ABG, then (Fig. 67) 
6' = 180^-B; 



c' = ISO** - (7. 
We may now apply formula (1) to A'B^G', 

cos a' ~ cos h' cos c' -f sin b' sin & cos -4'. 
Now, cos a' = — cos -4, sin&'=:sin^; 

cos 6' =: — cos B, sin c' = sin C; 
cos c' = — cos C, C08-4' = — cos a. 



(Art. 177.) 



(«) 
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Substituting these values in (a), we obtain 

-- cos -4 = cos B cos C — sinB smC cos a. 
Treating the other two formulae similarly, we obtain 

cos-4 =s — cos B cos O 4- sin B sin (7 cosa; 

cos -B = — cos C cos -4 4- sin (7 sin-4 cos 6 ; 

cos C = — cos^ cos £+ sin^ sin £ cose. . 

Relation inyolving the angles and one side. 

Solving these equations for cos a, cos b, cos c, we have 



cosa: 



, cos ^ -f cos B cos (7 , 
sin ^ sin C ' 
, _ cos B -f cos C cos A . 

COB O — — , ■ — , ■ • 

Sin C7 sin ^ 
cos -f cos A cos B 



COSC: 



(4) 



(6) 



sin A sin ^ 
183. From (1), 

cos a = cos & cos c 4- sin & sin c cos A. 

Sabstituting in this formula the value of cos c obtained from (1), 
we obtain 

cosa(l — cos*&)=sina sin 6 cos 6 cosC4- sin 6 sin c cos ^; 
or cos a sin& = sin a cos & cos (7 4- sin c cos A \ 

and similarly, cos & sin a = sin h cos a cos C7 4- sin ccobB] 

cos 6 sin c = sin b cos c cos ^ 4- sin a cos B \ 

cos c sin & = sin c cos b cos A + sina cos C ; 

cos c sina = sin c cosa cos 54- sin b cos (7; 

cos a sin c = sin a cos c cos -B 4- sin 6 cos A. 



(6) 
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(6) is a relatloii i&Tolying two angles and tlie tides. 
By treating (3) similarly^ 

cos ^ sin ^ =: cos a sin (7— cos c cos ^ sin ^ ; 
cos Csin ^ = C06C sin^ — cosacos^sinC; 
cos C sin ^ = cose sin ^ — cos & cos^ sinC; 
cos ^ sin ^ = cos & sin C— cos c cos ^ sin ^; 
cos £ sin C = cos 6 sin^ ~ cos a cos C sin ^; 
cos ^ sin C ~ cos a sin£ — cos b cos C sin A 

(7) is a relation between tlie angles and two sides. 
From (6), 

cos a sin 6 = sin a cos 6 cos (?+ sin coos ^; 

cos a • i « /Y . sin c a 

- ''^'*sm6 = cos6co8(7-f ^r^cos^; 



(7) 



sin a 



sin a 



,'. cot a sin 6 = cos & cos (74- sin (7 



cos^ 



sin^' 
cot a sin & s= cos b cos (7 + sin C cot A 
The student may deriye the five corresponding formulae : 



(Art. 180.) 
(8) 



Ui. To express CM^JI, ^n^JI, tan^JI in tenaa of the 9ide8. 

coBiA^yj^All, (Art 92.) 

Vrmn (2)^^/ ^08-^+1 --^ /s"^ 6 sin c -f- COS a — COS & COS c 
^2 ^ 2 sin 5 sine 

(Art. 75.) 



_ /cos a — cos (6 4- c) 
^ 2 sin 6 ain c 



..tS^^o 



sin 6 sine 
If we put a + b + c = 2s, (a) may be written : 



;a)(Art82.) 



^^« 1 A /8in»«sin(« — a) 

co8|^=-i/ . - \ ^; 

^ sin6*sme 

similarly, cos JB ^J<Ans-Hm{,-^ 

^ sm a sm c 



cos 



10= h^^ g'8in(g — c) 
^ sinasin& 



(9) 
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EzBxciBx. The stadent may show that 



8i> i A =Jsin(8-b)Bm(i^ (l^j 



taniA=^^^^^M^, (11) 

^ sin 8 • sm(8 — a) 

with the corresponding f ormulsB for B and C 

185. To find cos^a, sin^a, tan^a. Using the results of (5), 
the student may show that, if S=^(A'\- B-^ O), 



cosia=^SH5^S§^^; (12) 

* \ sin^.sinO ' ^ ^ 



•„ 1 ^ ^ /I — cos a 



-4 



sin . B sin g — cos A — cos B cos C 
2 sin £ sin O 



V - (cos (B -f C) + cos A) 
2smBsmC 



. ,i^j^^JE^8^p^^ (13) 

* \ sin^sinO ^ ^ 



'C0S^C03(^ — ^) 



^cos(S - 5) cos(5 - C) ^^^^ 

sina= 2 sin^acos ^a (Art. 91.) 



sin £ sin C 



V - cos S cos (5 - ^) cos (iS - JB) cos (/S - C). (16) 



ia& I. Since any side a < 180^ and any angle A < 180^ 
cos^a, sin|-a, tan^a, sin^^, cos^^, tsxi\A 
are all positiye ; hence the sign of the radical in expressions (9) — (16) 
is positive. 

n. Since «<180^ a<180^ 6<180^ c<180^ and since the 
differences « — a, a — h, a-^c are less than 180° and positiye, the 
expressions (9) — (11) are real. 

III. If a\ h', c' are the sides of the polar triangle of A^ B, C, 
then a'<(6' + c'); 

ie. 180** - ^ <(180'' - B + 180^ - C) ; 

i.e. B+C-A<1S0''; 

Le. )S-^<90% 

.•. cos (iS — ^) is positiye. 
ft 
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Since 270** >i8*> 180% COB 5 is negative; ».e. — oos iS is positiye. 
Therefore the expressions (12) — (15) are real 

187. co8|(^ + j8)=cos|^cos|^ — sin^^sin|^. (Art 75.) 

Substitate in this equation the values of cos ^Ay etc., from (9) 
and (10). 



'^ ^ smc ^ sinosina 



sin (s — c) / sin (s — o) sin (s — c) 
sine ^ sin^sina 



'^ ' sine ' sm&sina 

. 2coB?i;=:^.8in| 

«n«-8m(.-c) ^ 2 2 

Sine 2sm^ccos^c ^ ^ 



a + 6 

C06-|- 
COS^C 



(Art. 91.) 



And 



• G ^ /sin (»— o) sin (s—b) ,. ,^n\\ 
"°2°V \inasin6 ' (^"'"(lO)) 

«»8 



Kxamoia. The stodent may prove : 






COS- 

2 



8 

PoimolaB (16), (17), (18), (19) are known as GaoM* Formols. 
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18S. The stadent will prove without difficulty : 

^* + B 2 C 

2 C08^L±* 2 



(20) 






tan 



a + 6 



cos 



2 



^-ccIT?*"?' 



(21) 



(22) 






(23) 



Eonnulse (20)^ (21), (22), (23) are known as Napier's Analogies. 



189. In the special case that one of the angles, C> is equal 90*^, 
we derive from the foregoing formulee the following : 



From (1), 
Prom (3), 



From (7), 



From (8), 



cos c = cos a cos 6. 



sin -4 = 



sin a 



8in£ = 



sine 
sin 6 
sine ) 



cos A = cos a sin £ ; 1 
cos -B = cos 6 sin A. J 



cos^ = 



tan 6 



cosJ5 = 



tanc' 
tana 



tan^ = 
tan5 = 



tanc J 

tang , 
sin 6' 
tan 6 
sin a 



(24) 
(26) 

(26) 

(27) 

(28) 
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From (5), 






am A 




. cosc-'^'^.'^l-cotA.cotB. 
Sin A sin B 



(29) 



19(X Definition. Two angles are said to be of the ^^same 
affection/' if both are greater or both are less than 90^ They are 
said to be of opposite affection if one is greater and the other less 
than90^ 

Formula (24) shows that if a and 6 are of the same affectiouy 
e < 90®; and if a and b are of apposite affection, c > 90®, C being 
a right angle. For, if a and b are both of the same affection, 
cos a • cos 6 is positive, .*. cos c is positive, .'. c < 90®. But if they 
are of opposite affection, cos a • cos b is negative, .'. cose is negative; 
r. c>90®. 

BxxBoiSB 1. Show that in a right-angled triangle an angle and the side 
Opposite are of the same affection. 

Examoiia %, Show that a side and the hypotenuse of a right-angled 
triangle are of the same or opposite affection, according as the included angle is 
less than or greater than 90**. 

Bxaaoiia 8. In anjf triangle, SLdL2 and "^ are of the same affection. 

ExamoxiB 4. If C is a right ang^e, show that 

2 cos e = 008 (a + 6) + cos (a - 6). 
Exaaoisa 0. If C is a right angle, show that 

t«n K^' + <*) ^^ (<^- o) = tan*}^* 



CHAPTER XIX 

SOLUTION OF SPHERICAL TRIANGLES 

191. According to propositions proved in Greometry we are able 
to construct a spherical triangle when any three of its parts are 
given. Accordingly, we propose the problem, to show that if 
given any three iMuts of a spherical triangle, we are able to calculate 
the remaining parts. 

This problem is known as the solution of spherical triangles. 
There are six cases ; viz. when there are given : 

I. Three sides. 

II. Two sides and included angle. 

III. Two sides and the angle opposite one of them. 

lY. Two angles and a side opposite one of them. 

v. One side and two angles adjacent to it. 

VI. Three angles. 

192. The Eight Triangle. 

Before considering the solution of the general triangle, we shall 
discuss the solution of the right triangle. Let C be a right angle. 
We have the following cases : 



Given : 


To calculate: 


I. a, b. 


c,A,B. 


n. J"'f- 

c, 6. 


b, A, B. 
a,A,B. 


- {t.f. 


b,e,B. 
a,c,A. 


- {?! 


h, c, A. 
a,c,B. 


ic,A. 

Ub. 


a, b, B. 
a, b, A. 


VI. A, B. 


a, b, c. 
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m 






^ : I '^-11 i: 



-Be - JTTal-- 




^^fUtl, Ik^ 



^ X 



jsu -- 



f * 



t|^%4Hllit4(t##Aii^^ 






^IW%^»j«w(trtw*<^wX/^ 






*jV» 



>l^^ 




fPm in 



•Im/<- 
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(a) If sin a = sin A, then a=:A. (Art. 190, Sxeicise 1.) 

.-. sin c = 1, sin 6 = 1, sin J5 = 1. 

Hence in this case the solution is unique. 

(6) There remain yet two possibilities for c; viz. : 

I. c and a of like affection ; then b < 90**, and B < 90^ 

(Art. 190, Exercises 1 and 2.) 

II. c and a of opposite affection ; then 6 > 90** and B > 90**. 
These are the only alternatives. 

Case IV. 
Given a, J5; required c, 6, A. 

. ^ ^ tano , 

tanc = —; 

oosjB 

cos^sscoeasinJB; 

tan & a sina tan jB. 

The solution is unique. Why ? 

Case F. 

^ Given c, A; required a, b, B, 

sina = sine sin j1; 
tan&s=tanccosjl; 
cot B = cos c tan A 
The solution is unique. Why ? 

Case VL 
Given A, B; required a, b, c. 

cos^ 
cos a - 



COS&: 



sinJ5' 
cosJ5 



sin-4' 
cos c = cot ^ eotB, 

195. Solution of the general triangle. 

Case L (Art. 194.) 

Given a,b,c\ required A, B, C 

This may be solved by (2), 

«^« A cosa — cos6cosc 
cos A = ■ 



sin 6 sine 
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This f ormula^ howevery is not adapted to logarithmic computation. 
When logarithms are employed, either (9), (10), or (11) may be used. 
If, however, aU the angles are desired, (11) sezres us best 

The solution is unique. Why ? 

ExAXPLB. Oiyen a = OS"" 45', 

6 = 27° 16', 
c = 88°12'. 



' y sins- sin (8 — a) 



:. Ic^tan^il = I [log sin (# - 6)+ log sin (# - e)- logt - log (# - a)]. 

f = 104»36'30", 
f -a = 10° 61' 30", 
• -6 = 77° 20' 30", 
»-c = 16°24'30". 
log sin (s - 5} + log sin (» - e) = 0.08036 + 0.46000 = 0.44036 ; 
log sin s + log sin (s - a) = 0.08572 + 0.27604 = 0.20016 ; 
.-. log tan ^.^=.00000; 

.-. ^ = 101° 48' 4". 

Case IL 
Qiyen a, 6, C; required A, B, c. 
Formulae (20) and (21) give 

cos^^l^ 
^ (A + B) 2 ^C 

cos-^ 
. (a-6) 

Whence A-i-B and (A — B) can be f oxmd, and therefore A and B. 

cos^^^^ 
c 2 G 

From (16), 0082= — ^—-sin^, 

which determines c. 

If we wish to determine c independent of A and By proceed as 
follows : 

cos c = cos a cos 6 + sin a sin & cos C7 = cos a (cos h + tan a sin h cos G ) . 
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Put tan a cos O = tan ^, which determines ^. 

(cos & cos 6 + sin & sin 6) 

.-. cosc = cosa^^ -^--^ ^; 

cos<^ ' 

cos a cos (h — fh) 

.-. C08C = ^; ^. 

C08<^ 

This formula is adapted to logarithmic computation. 

Case in. 
Given a, b, A\ required B, c, (7. 

gin5 = 5^ sin b (a) ; (from (3)) 

sina X V // 



cos- 



A + B 



cos-^- 
a + b 

cosl^ 

Discussion of the solution. 

I. If sin ^ sin & > sin a, no solution is possible ; for sin B > 1. 
II. If sin a > sin ^ sin b, equation (a) is satisfied by two supple- 
mentary values of B. Now — i — and ^"^ are of like affection, 

hence, if both values of B satisfy this condition, there are two solu- 
tions ; otherwise, but one. This test requires that we first solve for 
B before we determine whether there are one or two solutions. 
There are several methods of determining this by an inspection of 
given data. The following is one, quoted from Wheeler's Trigo- 
nometry, where the reader is referred to Chauvenet's Trigonometry, 
p. 197: 

(1) When h differs more from 90*^ than a, B must be in the same quadrant 
as h (Art. 177), and there can be but one solution. It remains to show that 
(2) when a differs more from 90° than &, there will be necessarily two solu- 
tions. We have 

g^^^co8g-cos6coec (from (1)) 

sin h cos A 

Two solutions exist so long as sin c is positive. Now, when a differs more from 
90° than 6, we have (neglecting the signs for a moment), 

cos a > cos & > cos & cos c ; 
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therefore, the nmnerator of the above value of sin e has the sign of cos a. But 
by Art 177, a and A are in the same quadrant, and therefore cos a and cos A 
have the same sign ; therefore, the numerator and denominator have the same 
sign, and the value of sin e is positive, as was to be proved. 

Hence^ there is btU one solution when the side opposite the given angle differs 
less from 90° than the other given side, and two solutions when the side opposite 
the given angle differs more from 90° than the other given side. 

Case IV. 

Given cl, A, B; required O, 6, c. 

. , sin^ 
sin 6 =: -: — - • sin a : 
sin J. 

cos ^ — 

^ c 2 ^ a+b 

COS 



8in 



(o-fe) 



^ C 2 ^A + B 

tan -5^= n-cot — 5 — 

2 co8«±*- 2 

This solution is also ambiguous. 

If sin a sin B > sin ^ no solution is possible. 

Now it is evident that the triangle ABC, and its polar triangle 
A^B*C\ have the same number of solutions. 

The data given in this case determine two sides of A*B*C* and one 
angle of A^B^O opposite one of these sides. Hence, by Case III., 
we can determine whether there are one or two solutions of 
A'B'C*'y and, hence, whether there are one or two triangles of ABC 
satisfying the given data. 

Case V. 

Given e, A, B; required C, a, 6. 

A-B 
cos-- 

*^^ ATB^r (feon'(22)) 

cos^— 

A-B 



sin- 

4^^a — b 2 . e 

v8Xi — ;; — = ———tan^ 

2 sin^^4^ 2 



<^+^ o«^ «-ft 



This determines "T ■ and " , and hence a and b. 
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a-b 

The solution is unique. 

Case VL 
Given A, B, C; required a, 6, c 



1 ^ /cos (/8f--B) cos (/S-C) .. ..o^^ 

cos 4 a = V — ^ — ' i, • Vi ^ ; (from (12)) 

' ^ smBsinO ' ^ ^ ^^ 



or, if all the sides are desired, 



tania = J^g^^^^^^I. (from (14» 

^ >cos(/S-^cos(/S-0) ^ ^ ^^ 

Formula (3) may be used as a check formula in each of the cases. 



BXAMPLBS. XLIII. 

1. a=:84«80'; 6 = 46«10'; C = 76*»46'. Find ^, B, c. 
S. In a right-angled triangle calculate A^ B, e, having giv«n 
o = W>46'; 6 = 108*' 20'. 

5. In a right-angled triangle, 

o = 63*>12'; B=75°9'. Find ^, B. c. 
4. A spherical triangle has, 

a = 124<' 12' 30" ; & = 64M8'; c = 97M2' 30". Solve the triangle. 

6. In a right triangle, 

ii = 125''; B = 48''18'. Solve the triangle. 

6. A spherical triangle has, 

a = 126** 12' ; 6 = lO?** 10' ; c = 45°. Solve the triangle. 

7. Having given, 

b = 108'' 30' ; e = 40° 60' ; C = 30° 60'. Solve the triangle. 

8. A spherical triangle has, 

a= 110° 30' ; c = 16° 12' ; C = 84° 2'. Solve the triangle. 

9. Having given, 

il = 66°30'; jB = 76°20'; C=110°10'. Solve the triangle. 

10. In a spherical triangle, 

A = 107° 86' 9" ; B = 86° 17' 20" ; c = 56° 21' 30". Solve the triangle. 

11. In a right triangle, 

a = 76° 24' ; c = 69° 20'. Solve the triangle. 
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15. In a fpherical triangle, 

a = U7^W; A=ldrW; C = W, Find 6, B, c 
18. In a right triangle, 

Azzld^V; c = lW*S2'; C=W. ¥uAa,B,b, 
14. A fpherical triangle, 

Cr=14(r87'64''; B = 66<'86"; 6 = iNr84'84". SolTe the trian|^. 

16. In a right triangle, 

A = S6f* 26' ; S= lOS"" 12'; C= 00°. Solve the triani^e. 

16. In a spherical triangle, 

^ = 80^46'; B = 2e<'6e'; e=:164<'47'. Soliw the triangle. 

17. A spherical triangle haa, 

a=:16(j^bV;b=z 184<» 16' ; ^ = lH'' 28'. Soliw the triane^ 

18. In a spherical triangle, 

a = 36** 37' ; 6 = 60* 12' ; C= 124** 18'. Solve the triangle. 

19. In a spherical triangle, 

iir=68°16'; S = 4r28'; c = 76<'64'. Solve the triangle. 
fO. In a spherical triangle, 

a=:68<>16'; 6r=6ff>24'; C:=86<'40'. Solve the triangle, 
tl. In a right triangle, 

^ = 20»88'; Ss=87<'21'; C = 00°. Solve the trianfl^e. 



ANSWERS TO EXAMPLES 





n. 




1. 80. 9. 10. 8. 109^. 4. 6 acres. 5. 


iZ^. ..-^.ds. 




m. 




(i.) 1. .09175 of a right 1 


Eingle. 4. .180429 of a right angle. 


S. .0676 of a right angle. 5. 1.467 of a right angle. 


8. 1.07876 of a right 


; angle. 6. .64 of a right angle. 


7. 1°14'15". 


9. 153^24' 29.34". 


U. 16*» 12' 37.26". 


8. 7* 52' 30". 


10. 21° 86' 8.1". , 


12. 31° 30'. 


(ii.) 1. 2 right angles, or 
180«. 


4. - right angles. 


20 
7. — right angles. 


8. f of a right angle. 


5. 2 right angles. 


8. .002 of a right 

angle. 

9. 20 right angles. 


8. fright angles. 


6. -J right angles. 


(m.)l. ir. «. 2ir. 8. |. 


*• 1- •• xm- «• ^•• 


'• il" •• *•• •• it' 


(V.) 1. f 


*-m' 


8. «. 



IV. 

1. |. 2. 90. 8. 4|. 4. 112ift. ^ 3go igo, 21. -5HL.. 

6. 5|}ft. 6. 838000 mUes. 1^800 

7. J radian = 6i^ degrees. 32. (L) 120°, ?-5^; (ii.) 135°,—. 

8. 21H degrees. 9. 51^". ^ 13 ^ 
10. about 34 yds. 11. 1:3.1416. ^^'^ *^ ' 16 

12. 3.1416. 18. 8.1416. oj ri>> 3*. m^ ^^ 24 ^^^ 

14. 400:1. 15. .0000484.... ^ ^''^ ^*' ^^'^ 2^ ^ lo" 

16. 49jirin. 18. 473:489. ^ 9a 4- 10 5 ^ 1800 y 

10c 

87. 9 or 16. 



180 10c ' 19 x + 1800 

19. (L) *=1. (u.)* = i?2. 
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J A ^^^ CS CA' ^^^ CD' CB' ^^'^ AB' AC' 
f^^ AD AB, , . X DB BC 
^'•^ AB' AC' ^^^ 13' AB- 

^, X i>C. , . ■. i)J» „ BO. ,^„ X BIT 
(x.)_, («.)_or— ; (xu.) — 

I i.im ^imiimr ftoi^e, the sine = ^, cosine = ^, tangent = ^,. 
L ui« laicK(»r an^e, the sine = ||, cosine = ^j, tangent = J^. 

i Um diiuiUer angle, the sine = |, cosine = -^, tangent = -^* 

I Ux« laig^ angle, the sine = ^VS, cosine = |, tangent = \/§. 
•»V-<v3;sla2is=jV3; cos^ = J; tan-4=V3. 



':--.v«; sittJszx/l; sin^=i. 







vn. 






\ n^(u 




7. 68.17 yds. 


IS. 


173.2 yds. 


i. i-4«»t'l. 




8. 192.8 ft. 


14. 


373 ft. 






9. 84.16 ft. 
10. 73.2 a 


16. 


^/Sa 


X *itK 




11. 86.6 ft. 


16. 


30°. 


d. 00^*; tT«tl- 




12. 1624 yds. 
XT. 


17. 


About 628.6 mil( 


I. ar. 


s. 


0^ 


6. 116°. 


7. -Jr. 


*. xw. 


4. 


-260^ 


6. 410°. 


8. }x. 



* ^s' "1"' ~vi T' -^2' +'^' "• --¥' -2' +^- 
«. ': -4.i -^ '• -^J -^J +'• ^ -^; ^h -vs. 



\^' ^V5' V5 V2 '2 

. . V3, _1. ^^ 8. — L; -J^; +1. 18. +-L; ^± 

^ ^ ^'» 2* V2 V2 . \^ V^ 



V 1 . 1 . -1 lO 4.1. J.>^. J. 1 111 1. V3. . 1 

VSv^ 22v5 22v^ 
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16. 86°; 160°; -210°; -880°. 

17. 45° ; 136° ; - 226° ; - 816°. 

18. 60°; 120°; -240°; -800°. 

19. _ SO" ; - 160° ; 210° ; 380°. 



80. 20°; 160°; 880°; 620°. 

21. ix; Jir; Vir; ^ir. 

82. »ir;i^T; Vr; V'. 

86. The tangent 86. No. 



XV. (a). 



slnA = ± VI - cos^ A ; tan ^ = i: 



VI — 008^ A . 



cot-4=i- 



cobA 



sin (90° + -4) = 



VI - cos? ^ 

cot^ 



; 8ec^ = 



cos^ 



; C8C-4 = ±- 



^/cot^A-{^l 



; cos (90° + ^)- 



Vl-C08?^ 

1 



Vcota^ + 1 



tan(90° + ^) = -cot-4; sec (90° + -4) = - Vcot^ + 1 ; 

C8C(90° + ^) = 2!^OTl. 
cot -4 



8. sm(180O-^) = ±^5^^2AEi; coB(180°-^) = i-; 

sec^ ^ 860-4 

tan (180° - ^) = ± Vsec A-\, etc. 



4. 8inil=-J-;oosil = ±X^4^. tanil = — — k_ 
cscJ. cscJ. > ±Vcsca^-l 



, etc. 



6. 8in^ = sm^; cos-4 = ± VI — sin'il; tanil = i: 
6. See answers to Example 1. 
(6) 1. tan^ = i:f;co6ec^ = f 



sin^ 



Vl-sin«it 
8. smA = i; secilsf. 



=, etc. 



8. sinB = 



2V^. 



cotJ3=- 



2V2 



4. cot*=:-i-; sm« = -^. 
VI6 4 



6. 8in9 = — ; cos9 = i. 
2 ' 

«. slntf = ^; 8in«=}. 7 



b g a 1 

iV3^=^ ' ±VSTi' v'a?Ti 



9. 8intf = ^^'''"\ cottf= ^ . 11. *a(l + *«)=l. 
18. co«9s=|; tantfsf; cottf=:|; sec^s}; csc9 = f 



ZVI. 

1. 46°; 136°. 8. 80°; 160°; 210°; 830°. 8. 46°; 316°; 0°; 180°. 

8. 46°; 136°; 226°; 316°. 9. 90°; 270°; 60°; 120°. 

4. 60° ; 120° ; 240° ; 300°. 10. 60°; 120°; 240°; 300°. 

6. 30° ; 160° ; 210° ; 830°. 11. 46°; 225°. 

6. 30°; 160°; 210°; 330°. 18. 90°; 70°; 46°; 316°. 

7. 30°; 160°. 18. 0°; 180°; 46°; 186°. 
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14. 46*»; 186**; 226°; SIS**. 15. 46**; 135^ 18. 30P; ZSOP. 17. 30*; 1W». 

18. ±6(f>; il2(y>; ±2400; ^3000. ^^ ^^^ ^^^ (2n + l)x-^. 

18. 0°; 180°; -ISO*; - 860*, 3 8 

90. 2nir±^; (n any integer). 88. «ir + j- 



1. Bin(tf + ^)+8in(«-^). 8. sm(2a + 3i8)+8in(2a -8i3). 

8. C06(a-/3)+C08(a + /3)* 4. C08 2 a + COB 2 /3. 

6. 8iii89-8m20. 8. eo8« + co82«. 7. }(oob89-oo8 60. 

8. }(8in4 9-8iii9). 18. -CQ8498in29. 

8. sine0o + 8iii40o. 13 4eoB«?8ln2*. 

10. }(8in0OO-8in8OO). 2 

11. 2co889cob29. 



1. -^ 8. -^. 8. -^ -Vj. 18. 1. 

VI6 V5 >/8 

ZXVl. 
1. 60*. 8. 120*. 8. 80*; 160*. 4. 186*. 8. 46*; 186*. 8. 120*. 

XXVUL 

1. C08^ = i; 0OBiil = iVd. 18. 120*. 14. a = l. 

8. 46*; 00*; 76*. 18. C=80*; o=V3 + l;6 = 2. 

8. 136*; 80*; 16*. 4. 8. 6. 14. 18. -4 = 76*; a = 6 = V8 + 1. 

8. H-VS. 7. 120*. 8. 120*. 17. C= 60* or 120*. 

8. 120*. 10. 90*; 30*62'. 18. 60*; 76*; 6 yds. 

11. 130*27'. 18. 126*6'. 81. 16:8>/3:4>/6 + 6. 

ZZIX. 

1. 3; V; J;|; -f. 8. 2; 4; - 1 ; ~8; -4. 5. |;|;J;|;i. 

8. 3; 6; -1; -8; -6,2. 4. 8; -^1;6; -2;3; -3. 





1. 


8.66169; .87261; 


8.68648. 8. 


2.66920; 2.64926; 


S.86941. 




8. 


4.98662; 1.98320; 


; 8.64664. 4. 
XXXT. 


6.83181 ; 7.61129. 




1. 


3.7040 


8. 46740.2. 


8. 2492830. 

zzzn. 


4. .00043966. 


8. 6.68916. 


1. 


7.669. 


4. 66460. 


7. 8287. 


10. .6731. 


18. 2.624. 


8. 


3.809. 


8. 12.03. 


8. 1166. 


11. 1.096. 


14. 22.61. 


8. 


47.32. 


8. .04028. 


9. .8107. 


18. 823.6. 


16. 28.28. 
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1. C = 60.42 ; b = 60.1 ; B = 78^ 2. 6 = 21.14 ; ^ = 62*» 40' 66" ; a = 27.89. 

ZXXIV. 

1. ^ = 41° 16' 62". 8. 60*» 60' 51" ; 73*» 1' 60". 5. 64° 31' 68". 

2. 78° 32' 12" ; 62° 46' 18". 4. 47° 26' 40". 6. 136°; 80° ; 16°. 

XXXV, 

1. a = 313.46 yds. 2. 1192.66 yds. 8.22.416 ft. 4. a=.01116; &=. 006962. 

XXXVl. 

1. 67° 27' 26" ; 62° 32' 36". 8. ^ = 24° 41' 48" ; c = .6886. 

2. 64° 26' 47" ; 37° 7' 13'. 4. 72° 12' 69". 6. 14. 

XZXVIZ. 

2. ^ = 61° 18' 21" ; a = 88° 41' 89" ; or ^ = 128° 41' 39" ; C = 11° 18' 21". 
8. B = 38° 38' 24"; C = 91° 91' 36" ; c = 166.3. 4. No. 

zxxvm. 

1. 28° 36' 39". 4. 43° 40'. 7. 3437.6 yds. 

2. 104° 44' 39". 6. 128° 23' 13". 8. 1728.2 chains. 

8. 32° 20' 48". 6. 106631ft. 9. 26376 yds. 

10. ^ = 66° 27' 48" ; B = 12° 66' 12". 14. B = 61° 66' 17", or 128° 3' 43". 

11. J. = 92° 12' 63" ; ^ = 35° 37' 7". 16. ^ = 62° 6' 10", or 117° 63' 63". 

12. B = 29°1'40"; (7=74° 66' 60". 16. Very nearly 90°. 
18. B = 70° 36' 24", or 109° 24' 36". 17. 1319.6 yds. 

XLZI. 

1. sm4 = #; cos^ = f 2. i^VSft. = 46.19... ft 6. 4227.47 ft. 

9. 30°, 60°, 90°, 120°, etc., have for sine J, Vf, 1, Vf, J, 0, - J, - V} - 1, 

— Vf , — }, respectively. 

12. The other sides are 766.4321 ft. ; 1006.6 ft. 

16. 30°, 60°, 90°, etc., have for tan jVS, V3, oo, - V3, - JV3, 0, jV3, oo, 

— V3, — J VS, respectively. 

"• li' ii' i^-5- "• --^ = *^- »»• ('•^ ^^ ("•> - ''■ 

21. + sin 18°, -cos 18°, -tan 18°; -sin 30°, -cos 36°, + tan 36°; 

— sin 36°, + cos 36°, -tan 36°. 22. cos6a = 16cos*a -20cos«o + 6coso. 

28. (i.) 0, nir, J IT ; (ii) cos ^ = J, or sin (0 - 46°) = — . 

24. i^Vm. = .981 .... 26. ^^ radians ; 5.72966°. 

26. sine, | ; tan, | ; cot, f ; cosec, } ; sec, |. 
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i9. (L) 61ogio8 + 81ogio2-8; (ii) i{logio7 + 1 -logio2}; 
(iiL) 81ogio7 + 81ogio2~21ogio8~2. 

81. W0deg.; 10.09864''. S8. ~}V2. 

84. I; -9. 89. ir; ^ir; {t. 

86. C = 18^ a = c = 2 + ^^^(10 - 2 V6). 41. 1 ft., 120°, 3(y» ; or 2 ft., 60^, 90°. 

87. -1320°. 41. 104° 28' 39". 

48. -630°. 44. -i>/5. 46. 0; ir; |ir; |ir. 

48. i{y/Q± V2} and 16°, 186° ; or, 106°, 46°. 

48. 9°; 286° 28' 41.16"; }. 

68. (i.)nir±Jir; (a) }nir ± Jir, or nir +(- l)*l». 

68. 87} sq. ft. 64. 40° 29' 19.86". 66. tAtit ; A' ; f. 

66. tana = 4V§, 006eca = ^VS. 

68. (i.)nir±Jir; (ii) inir±i»; or,2nir±J». 

69. 2>/ii sq.ft. 60. 38° 26' 32.7". 

64. (L) l-logio6 + }logio7; l-41ogio6 + 61ogio3; 

2 - 61ogio6 - 21ogio3 + 21ogio7. 

66. 192 ft., 186 ft., and 9234 sq. it. 67. 2.8 radians = 131.779926°. 

69. .69897; .77816 ; 2.33446 ; 1.91480. 

78. 78°10'; 70° 30'; 9234 sq.ft. 78. A'J A'; H'; H^^J «'• 

76. 116.6. 78. 136°,16°; or46°,106°. 79. A'J A**; A^J A'; H'; H'- 

81. 32.92.... 84. 7ft.; Vl9 ft. ; J^V^ sq.ft. 88. 1036.43 ft. ; 766.4321 ft. ; 66°. 

69. 6.981 ft^ 90. }; -}. 91. 4.49999. 94. 3210.793. 

yr.TTT 

1. il = 96°66'18"; 7. J? = 68° 18'; 18. a = 60° 31' 24"; 

5 = 46°7'16"; ^ = 132° 33' 48" ; 5=143°60'; 

e = 76° 66' 27". a = 131° 16' 48" ; 6 = 147° 32' 6". 

8. ^ = 86°64'63"; or, B = 111° 42' ; ^4 a = 56°; 

B = 108° 18' 23" ; ^ = 77° 4' 36" ; ^ ^ iggo iq, . 

c = 91° 1' 12". a = »6° 60'. ^ = 42° 30'. 

8. c = 82°37'24"; ^' IZ^ZZ' »• « = «^^^^^ 

^ = 64°9'34"; IzfJ'^r''' 5 =106° 15'15"; 

6 =73° 6' 32". C_105 67. c -91° 15' 

. . ,0^0 «n, 10- a = 72° 44'; ^ -*'^ ^^ • 

4. ^ = 127°22'; 6 = 36°22'- 18. a = 121° 27' 30" ; 

B = 61°18'; C = 66°12'' 6 = 37°16'30"; 

^ = 72° 27'. jj Impossible.' C=161°22'. 

6. a = 146°36'20"; 1,. B = 60°45'; 17. c = 23°67'; 

6 = 27°19'; 6 = 43°34'; 5 = 69°11'; 

c = 137° 69' 33". c ^ 520 ly . (7 = 29° 9' ; 

6. ^ = 129° 49' 44" ; or, 5 = 119° 15' ; or, c = 55° 42' ; 

(7 = 46° 32' 48"; 6 = 136° 25'; 5 = 120° 49'; 

5=78° 47' 48". c = 127°49'. C = 97°44'. 
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18. c = 82°16'; 90. ^ = 74° 2' 53"; 
^ = 29° 2' ; B = 56° 11' 56"; 
B = 45** 44'. c = 74° 41' 4". 

19. a = 58° 33' 87"; 21. a = 29° 26' 30" ; 
b = 41° 47' 40" ; 6 = 84° 37' 16"; 
C = 104° 48' 4". c = 86° 19' 2". 
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